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ABSTRACT
We develop a theoretical model to predict the effect of surface roughness on load-
displacement relation (traction) and probability density function [PDF] for local gaps.
We characterize the rough surface by the PDF for a rough surface whose power spec-
tral density is truncated at some upper cutoff wavenumber. The PDF is then modified
by the inclusion of an additional incremental wavenumber, and hence the upper cutoff
wavenumber increases. If the incremental roughness is sufficiently small, the modifi-
cation of the PDF can be determined by a linearized solution for the combined effect
of elastic deformation and adhesive laws (e.g., Lennard-Jones law). The effect of the
entire spectrum is obtained by iteration of the above process. We find that the PDF
converges at large wavenumbers, in contrast to non-adhesive contact theories.
Because the adhesion between surfaces must decay with increasing separation, the
adhesive laws have a charter of a negative spring, which can trigger elastic instability.
With an energetic analysis and numerical simulation, we show that an arbitrarily
small perturbation of the coarse-scale roughness (i.e., low wavenumbers) is sufficient to
trigger the instability. The instability results in a non-uniform pattern of alternating
regions of contact and separation, and the characteristic length scale of the pattern
correlates with the most unstable wavelength. It leads to different behavior during
approach and separation and consequent hysteresis losses.
Some roughness outside the instability range can be expected to influence the con-
tact morphology and hence the adhesive law. In this context, we apply the technique
xiv
from the iterative process sequentially. Suppose that the PSD is arbitrarily separated
into coarse-scale and fine-scale components, and fine-scale roughness is sufficiently
small. This allows us to use the iterative method to determine the traction for a plane
surface containing only the fine-scale roughness. We can then consider the coarse-
scale modeled explicitly as the roughness, but the effect of the fine-scale is reflected in
a modified traction law. Because the modified traction laws have a less character of
the negative spring, this process allows us to proceed to lower wavenumber without
encountering the instability due to the inclusion of the incremental roughness.
Although the modified traction laws have weaker negative springs, they still can
trigger the instability. With the modified traction laws, we examine the effect of
fine-scale roughness on both the generation of patterns and the load-displacement
relations. The numerical simulation results show that this approach is a very good
approximation. In particular, the maximum negative slope of the modified traction
laws correlates extremely well with an instability criterion obtained by the energetic
argument.
The present theoretical model involving the iterative process has an analogy with
diffusion problems and hence random-walk problems. We convert the iterative process
into diffusional partial differential equations, allowing us to extend the theory into
non-adhesive law, which can be approximated by a power law. We show that as the
exponent and coefficient of the power-law type of the regularized non-adhesive law
increase, the traction converges a unique solution. In order to validate the theory,
the results are then compared with numerical simulations such as molecular dynamics




1.1 Interfacial Interaction Law
Adhesive interactions between contacting solids have a major impact in many ar-
eas of engineering and everyday life. For example, the degree of adhesion is critical
for the assessment of the quality of glued joints, in designing human joint prostheses,
or in understanding the sense of touch. Adhesive forces are also central to most mod-
ern theories of frictional interaction, as well as to Archard’s theory of adhesive wear.
Coatings have been applied widely in aerospace, biomedical, electronic, and many
other industries with a view to obtaining desired frictional/adhesive characteristics.
In recent years, the need to include adhesion in contact analysis has become
increasingly pressing as micro- and nano-electromechanical systems have been de-
veloped. In everyday life objects at the “human scale” do not stick to each other,
principally as a result of inevitable surface roughness which reduces the proportion
of the surface in intimate contact. However, this does not always hold true at smaller
scales, where surface forces, including adhesion, becomes greater in proportion to
Chapter 1 is adapted from part of the published paper:
Ciavarella, M., Joe, J., Papangelo, A., Barber, J. R. ”The role of adhesion in contact mechanics.”
Journal of the Royal Society Interface 16.151 (2019): 20180738.
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volume forces.
Designing surfaces for optimal adhesive performance is now a hot topic in the
engineering community, where nature is an important source of inspiration. Indeed
we are still far from being able to achieve the astonishing capability of insects and
reptiles to control interface adhesive strength. The most famous case is perhaps that
of the gecko, whose feet can sustain several times its weight, whilst also being able
to completely detach its foot in 15 ms. This remarkable achievement is attributed
to the hierarchical structures of gecko feet which are split into many fibrils in order
to reach the optimal nanoscale size for the attachment to be robust and close to
the theoretical strength. This has stimulated the growth of the field of bio-inspired
engineering, which attempts to replicate natural solutions with patterns in polymer
films having micron- or sub-micron-sized protrusions.
1.1.1 Lennard-Jones law
Classical contact mechanics is typically characterized by the Signorini inequali-
ties, which demand that the tractions between interacting solid bodies be non-tensile,
and that interpenetration of material is inadmissible. We can then partition the sur-
face of a body into regions of contact, where the gap between the bodies is zero and
the normal component of traction is compressive, and separation, where there are
no tractions and the gap is positive. However, at very small length scales, this di-
chotomy is an oversimplification. The local tractions between the bodies will be a
continuous function of relative approach and van der Waals forces and other physical
mechanisms can cause regions of tensile [or adhesive] tractions. Most authors assume
that the Lennard-Jones 6–12 law [4] defines the relation between the force and sepa-
ration of two individual molecules, and if a continuum is approximated as a uniform
distribution of molecules, the resulting traction σ [tensile positive] between two half
2















is the interface energy or the work done per unit area of interface in separating the
two bodies from the equilibrium position g = ε, at which σ = 0. This expression is
shown in Figure 1.1. The maximum tensile traction occurs at a separation g = 31/6ε
and is σ0 = 16∆γ/9
√
3ε.
Figure 1.1: The traction law defined in equation 1.1. The interface energy ∆γ corre-
sponds to the shaded area.
1.2 Contact of a sphere on a plane
Equation 1.1 can be integrated to determine the force transmitted between two
rigid bodies of known shape and relative position. In particular, if a sphere of radius R
is placed near a half plane, the maximum tensile force [the pull-off force] occurs when
the point of closest approach is equal to ε and is of magnitude 2πR∆γ. Bradley [7]
obtained this result by integrating the intermolecular force law over two finite spheres
of radius R1, R2 and then dropping terms of the order ε/Ri, i = 1, 2. This approach
was extended by Rumpf [8] and Rabinovich et al. [9] to estimate the adhesive force
between a small spherical particle and a rough surface, characterized as a set of
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spherical asperities. These equations showed that even small amplitude of roughness
decreases pull-off by large factors.
1.2.1 The JKR theory
If the contacting bodies are deformable, equation 1.1 can be combined with an
analysis of the deformation, but the resulting boundary-value problem is highly non-
linear and generally can only be solved by numerical methods. An approximation
introduced by Johnson et al. [10] retains the Signorini dichotomy between regions
of contact and separation, but relaxes the requirement that contact tractions be
non-tensile. The total potential energy Π = U + Ω− Γ is then computed as the sum
of elastic strain energy U , potential energy of external forces Ω and interface energy
Γ = Ac∆γ, where Ac is the total contact area. The partition into areas of contact
and separation is then determined so as to minimize Π. This is now generally known
as the JKR solution. Conceptually, it is identical to Griffith’s theory of fracture and
hence is equivalent to linear elastic fracture mechanics [LEFM], with ∆γ playing the
rôle of the critical energy release rate Gc. It follows that an alternative formulation
is to demand that the contact traction be square-root singular at all edges of the












and Ei, νi are Young’s modulus and Poisson’s ratio respectively for the two bodies,
with i = 1, 2. For the sphere, the [compressive] indentation force P , the contact



































The resulting relation between P̂ and ∆̂ is shown in Fig. 1.2.
Figure 1.2: JKR solution for the relation between dimensionless compressive force P̂
and indentation ∆̂ for the contact of a sphere and a plane.
In this figure, the pull-off force under force control is defined by point B and
corresponds to P = −3πR∆γ/2, which differs from Bradley’s rigid-body value only
by a factor 3/4. Under force control, only points to the right of B are stable, whereas
under displacement control, stability is retained to the maximum negative indentation
at A. In either case, once the limiting point is reached, the sphere will jump out of
contact and some energy will be dissipated, presumably in the form of elastodynamic
waves. Similarly, if the sphere is slowly brought to approach the half space, it will
jump into contact from the origin to point B, again with a loss of energy. A sequence
of contact and separation cycles therefore implies a hysteretic loss of energy.
The original JKR solution considered only the contact of a sphere on a plane,
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but the same technique can be applied to any geometry for which the corresponding
boundary-value problem can be solved. For example, Johnson [11] gave the solution
for a body with a sinusoidal surface in partial contact with a plane. Also, the ener-
getic argument can be used to obtain numerical solutions using a boundary-element
approach. For example, Popov et al. [12] used this approach to determine the pull-off
force displacement relation for flat rigid punches of various planforms. They showed
that under displacement control, final detachment occurs from a contact area ap-
proximately identified with a circle inscribed in the planform, but that the maximum
tensile force occurs before this state is reached.
1.2.2 The Tabor parameter
A numerical solution [13] of the problem for a sphere using the traction law of








[14], tending to the Bradley rigid-body value of 2πR∆γ at µ = 0 and to the JKR
value of (3/2)πR∆γ as µ → ∞. Equation 1.5 contains the radius R and hence is
specific to the spherical contact problem.
1.2.3 Solutions for lower values of µ
The JKR solution approaches the exact solution asymptotically as µ → ∞, and
it is natural to seek a corresponding solution for the case µ→ 0. For small values of
µ, many authors use a strategy which can be summarized as
1. Solve the problem neglecting adhesive tractions — i.e. using the Signorini
boundary conditions.
2. Find the gap between the surfaces in the separation region in step 1.
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3. Calculate a ‘correction’ to the contact force based on the adhesive tractions that
would be predicted in such a gap.
4. Neglect any further elastic deformation that might be expected from these ad-
hesive tractions.
This approach has come to be known as the DMT method, since it was first intro-
duced by Derjaguin et al. [15], who however used only the van der Waals term from
equation 1.1 in step 3. If the bodies are strictly rigid so µ = 0, no elastic deformation
occurs in step 1 and the DMT solution so defined is exact. However, it cannot be
regarded as an asymptotic solution for small but finite µ, though many authors refer
to this as the ‘DMT régime’. Indeed, Pashley [16] showed that the DMT method can
give unrealistic predictions, notably that the pull-off force is always overestimated
for any µ (the error increases with µ), and occurs at separations larger than zero,
which contradicts the results of rigorous numerical solutions. Greenwood [17] gives a
detailed criticism of the DMT method and offers an alternative ‘semi-rigid’ approach
based on determining the elastic displacements due to the tractions predicted by the
rigid theory. Derjaguin et al. [15] did not obtain a load-displacement relation anal-
ogous to the ‘JKR equation’ (1.3), but Maugis [1] developed an approximate relation




− 2 . (1.6)
Following Greenwood [18], we shall refer to this as the ‘DMT-M solution’.
Figure 1.3 shows a schematic of the DMT solution, where repulsive pressures only
act in the area of contact, and adhesive forces only add to the Hertz problem outside
the contact area. In the JKR solution, instead, both compressive and tensile stresses
act in the area of contact, and nothing else occurs outside. Obviously there are two









Figure 1.3: Sketch of traction distributions in DMT and JKR type of solution. In
DMT the contact area coincides with that obtained from the non-adhesive
problem, the adhesive tractions are thus confined in the separated zone.
In a JKR solution both compressive and adhesive tractions are exchanged
within the contact area.
1.2.4 Approximation of the traction law
An alternative strategy appropriate for intermediate values of µ is to approximate
the traction law (Equation 1.1) to make the resulting boundary-value problem more
tractable. Maugis [1] used a law in which the tensile tractions in the separation region
are assumed to be constant and equal to the maximum value σ0 from Equation 1.1
over a range 0 < g < gmax, beyond which they are zero. The value of gmax is chosen
such that the interface energy ∆γ = σ0gmax. This reduces the contact problem to
a linear three-part boundary-value problem which can be solved in closed form for
the case of the sphere. Alternatively, Greenwood and Johnson [19] showed that the
superposition of two axisymmetric Hertzian traction distributions, one tensile and
one [over a smaller circle] compressive, could be chosen so as to satisfy the contact
condition in the smaller circle. The traction in the surrounding annulus is then a
single-valued function of gap and parameters can be chosen so as to ensure that the
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maximum tensile traction is σ0 and the implied interface energy is ∆γ. Both these
approaches predict a dependence of pull-off force on µ that is qualitatively similar,
but not identical to the numerical solution [13].
1.2.5 An adhesion map
The map of the contact of elastic spheres is given in Fig. 1.4 as given by Johnson
& Greenwood [20], as the theory which dominates a certain range of (i) load and
(ii) Tabor (or Maugis) parameter. For large compressive loads, it is seen that little
is gained by using adhesive theories, as Hertz theory is a good approximation. For
tensile loads (not shown in the figure), there is no alternative to adhesive theories, and
intermediate cases depend on the Bradley [7] to JKR [10] transition. Recently [21]
have shown that µ > 5 is not sufficient if one wants to model accurately the jump-in
phenomenon and hence the hysteresis associated to the instabilities in getting in and
out of contact. Strictly speaking, JKR is a solution valid only for very large Tabor
parameters, and DMT is never an accurate solution. Maugis-Dugdale is a convenient
solution for representing a transition between the DMT-Maugis and the JKR regime,
and Schwartz [22] has given an alternative solution which divides the surface energy
into a JKR contribution and a DMT-M one.
1.3 Concepts of Rough Surfaces
All surfaces have roughness; The roughness affects physical properties of contact
processes such as friction coefficient, leakage on sealing, adhesion, electrical and ther-
mal conductivity. Because roughness has randomness, it is challenging to analyze
the physical effect of the roughness. Thanks to nature, however, the randomness
of the actual rough surface is multiscaled as self-affine fractals in fine scale, result-
ing in Gaussian probability distribution for gaps. Some theoretical models idealizing
self-affinity and Gaussianity will be discussed in the following sections.
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Figure 1.4: Adhesion map for a sphere. Depending on the dimensionless load and the
Tabor parameter, the most appropriate model is indicated. M-D refers
to Maugis-Dugdale model, see [1]
1.3.1 Asperity models
Bowden and Tabor [23] developed a friction model between rough surfaces, intro-
ducing an idea that rough surfaces make contact only on asperities’ tips. Because
only the tip of asperities is contacted, plastic deformation occurs between the surfaces
even with a small load. This assumption makes the load proportional to the contact
area because the stress at the asperity junction is approximated by the hardness,
which is usually approximately three times the yield stress [24]. Likewise, the friction
force is required to break the asperity junctions, which are treated as cold-welded.
This idea suggests that the friction force is proportional to contact area and load,
which agrees with Amonton’s second law. Figure 1.5 illustrates the idealization of
a rough surface as a collection of asperities. In Greenwood and Williamson (1966)
[GW] theory, the rough surfaces are idealized as normally or exponentially distributed
asperities having the same curvature and independent to other asperities between a
rigid flat and rough elastic surface. Then, each asperity is independently applied by
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Figure 1.5: Original rough surface and the idealized surface as a collection of asperi-
ties.
Hertzian elastic contact theory to calculate contact area and load. Regardless of the
form of the deformation, the theory results in a simple linear relation between load
and contact area. However, the GW model has problems explaining the multiscality
of rough surfaces. As its scale decreases, the independence of asperities is no longer
valid because an asperity affects adjacent asperities. Despite this weakness, many
researchers have developed the asperity model because of its simplicity.
Figure 1.6: Multiscaled surface with two different sizes of curvature.
1.3.2 Multiscale models
The measurable magnification increased by the development of experimental equip-
ment, and it was revealed that the rough surface is multiscaled as self-affine fractals
in fine-scale [25]. This property was suggested by Archard (1957), who pioneered the
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idea that smaller asperities idealize the rough surfaces on larger asperities on even
larger asperities, as seen in Figure 1.6, explaining the multiscality of the roughness.
This model provides qualitatively better descriptions than GW model, and started
to be acknowledged in the 1980s, since the multiscale property of rough surfaces was
revealed by the development of experimental equipment. To describe the multiscality,
Ciavarella et al. (2000) [CDBJ] used a Weierstrass-shaped profile to find probabil-
ity density function for pressure for adhesiveless contacts. Westergaard’s solution is
iteratively used on each sinusoidal of the Weierstrass function. A similar method is
adapted by Persson (2001), extending the Weierstrass function into surface power
spectral density [PSD].
Compared to the conditional PDF from sinusoidal, the PDF from part of PSD
with uniform phase shows no singularity. Another advantage of using PSD over the
Weierstrass profile is that it is a more realistic idealization of the rough surface.
Persson’s theory results in a simple diffusion type of partial differential equation
assuming that fine-scale roughness is under full contact, while CDBJ introduced an
iterative method to find PDF for pressure. In Section 2 and 3, we extend the iterative
methods inspired by CDBJ and Persson into adhesive contact, and in Section 5, we
derive a modified diffusional partial differential equation based on Section 3.
1.3.3 Fuller and Tabor
The first theoretical investigation of the effect of roughness on adhesion was that
of Fuller and Tabor [26], who followed Greenwood and Williamson [27] in modelling
the rough surface as a set of identical spherical asperities of radius R whose peak
heights follow a Gaussian distribution with standard deviation hrms, but who used
the JKR solution of Section 1.2 to describe the individual asperity contacts. They
predicted that the pull-off force should decrease drastically with hrms and that this
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where we note that ∆γ/E
∗
defines a characteristic adhesion length which for contact
of similar materials is related to ε of equation 1.1.
1.3.4 Fractal surfaces
Naturally generated surfaces have fractal properties. To describe this fractal prop-
erty, Majumdar and Bhushan described the rough surfaces as Weierstrass–Mandelbrot
function. However, the wavenumber of rough surfaces is rather continuous, resulting
in power law type of PSD,

























as shown in Fig. 1.6, where ζx and ζy are the wavenumber for x and y directions.
If the surface is isotropic, the PSD is the function only of ζ. Roll-off wavenumber
is introduced, because surface manufacturing polish the rough surface in engineering
field. Also, with the roll-off wavenumber, the height distribution of the rough surface
is more close to Gaussian.
The power-law segment in equation (1.8) typically extends over three or four
decades so the roughness has a profound ‘multiscale’ character and is “self-affine”
(a generalization of the concept of ”self-similarity”), i.e. with a proper rescaling of
in-plane and normal coordinates its statistical properties are insensitive to the length
scale at which the roughness is observed (Fig. 1.8). The slope in the power-law range
is characterized by the Hurst exponent H, or equivalently by the fractal dimension
13
Figure 1.7: Log-log plot of the typical spectrum of surface roughness which is used
today to model idealized nominally flat Gaussian rough fractal surfaces.
D = 3−H.
Variance of the surface height, gradient, and curvature are written as m0, m2,
and m4 each in general. The spectral moments can be obtained from the PSD in
Equation 1.9. While m0 is converged as ζ1 goes to infinity, the other two moments
















Thus the asperity radii continue to decrease down to atomic scales, where asper-
ities are defined by only a few atoms. This resolution-dependence has been much
criticized, and in the fractal limit it means that no real surface should be contacted
independently on the rms amplitude of roughness in the asperity models, a result
which looks paradoxical.
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Figure 1.8: Fractal character of self-affine rough surfaces. After a proper rescaling of
in-plane and normal coordinates, the statistical properties of roughness
are insensitive to the length scale at which they are observed (M = ζ1/ζ0,
“magnification”).
1.4 Persson’s model without adhesion
CDBJ extended Archard’s concepts in Section 1.3.4 to the Weierstrass series, and
found a paradoxical fractal ‘limit’ in which the contact is restricted to an infinite
number of infinitesimal contact areas, each sustaining an infinite contact pressure.
This anticipated Persson’s ‘resolution-dependent’ solution [28] of the adhesionless
rough contact problem which at low nominal pressures pnom predicted that the total












where Anom is the ‘nominal’ or ‘apparent’ contact area and m2 is the second moment
of the height PSD in Equaiton 1.9. This dependence on rms slope is sensitive to the
PSD truncation, so [e.g.] Ac → 0 as ζ1 → ∞ in Equation 1.10 [29]. Surprisingly, an
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identical result is obtained from asperity models [30] except for the exact prefactor
for small load, and this result caused quite a discussion in the literature [31, 32].
An arguably more important conclusion for adhesionless contact due to Persson
[33] is that some macroscopic relationships, notably that between load and displace-
ment, tend to a converged result in the fractal limit, whereas asperity model theories
remain ill-posed as a result of neglecting interaction effects unless these are introduced
numerically [34]. Particularly rapid convergence is found for the important case of









where ḡ is the mean separation, γ ' 0.5 and hrms =
√
m0 is the rms height, which
depends only weakly on the truncation ζ1. Another relationship that is only weakly
dependent on fine scale roughness is that between electrical contact resistance and
nominal pressure [35].
Equations (1.11, 1.10) are exemplary of two types of result in the contact of fractal
rough surfaces: those that are determined primarily at the coarse scale and that are
therefore not sensitive to measurement resolution, and those that are not convergent
and that give paradoxical predictions when ultrafine scale features are included.
1.5 Numerical methods
Contact problems can be solved with the Boundary element method [BEM] for
nodal contact tractions, based on elasticity for a semi-infinite solution. It solves Fred-
holm’s integral equation with discretization, a convolution of Green’s function. For
adhesiveless contact problems, to satisfy the contact Signorini condition, the contact
region is iteratively defined. One way to approximate the contact regions is to put
an imaginary surface as a penalty function. The imaginary surface has large enough
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stiffness to depict the adhesiveless contact law, making the convergence problem re-
main. The convergence problem is solved by adapting the molecular dynamics [MD]
algorithm as the penalty, describing problems more realistically since the interaction
occurs at the molecular level. This method combining the BEM with MD is called
Green’s function molecular dynamics [GMFD]. While the computational complexity
of the BEM is O(n2), that of GFMD is O(n
√
nlogn) [36]. Theoretical predictions are
generally compared with the numerical solution, which are typically obtained over a
rectangular grid with initial nodal heights chosen to approximate a surface with the
PSD of the equation 1.8. However, computational considerations place limits on the
practical mesh refinement, so that even the most sophisticated codes such as those of
Pastewka and Robbins [37] and that used in Müser’s recent ‘Contact Challenge’ [38]
can only describe surfaces with PSDs spanning about three decades — e.g., nanometer
to micrometer scales.
The ‘Contact Challenge’ dealt with one contact problem for a given rough surface.
In the paper, roughness parameters were defined, and authors were invited to submit
their predictions without knowing the solution obtained in a computer-intensive nu-
merical simulation. Then, it is published with comparisons of theory with [numerical]
experiments in [39]. It contains relations between contact area, gap, and pressure.
While the asperity-based models showed less accuracy to reference data (i.e. molec-
ular dynamics simulations), the fractal-based model such as Persson’s model with
correction factors agreed well. well.
1.6 Overview of the Dissertation
In the 2nd chapter, we addressed contact between rough surfaces by tracking
the evolution of the probability density function for the gap as roughness is added
incrementally from coarse to fine-scale. The suggested model is a modified version of
Persson’s model in that the Lennard-Jones law is used instead of classical non-adhesive
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contact mechanics. We found that the gap probability density function converged
at large wavenumbers, in contrast to non-adhesive contact theories (Equation 1.10),
which typically require arbitrary truncation of the roughness spectrum. However, this
method had difficulty in that it can only be applied to fine-scale roughness since long-
wavelength sinusoids exhibit a contact instability associated with the Lennard-Jones
law’s maximum negative slope.
In the 3rd chapter, we developed a method that can circumvent the difficulty in
Chapter 2. We suggested that the fine-scale roughness could be characterized by
a modified [reduced] interface energy, which could then be used in a JKR formula-
tion of the remaining [macroscopic] contact features. Instead, if we use the method
to determine the entire modified traction law, we can then use this to replace the
Lennard-Jones law in determining the effect of the next lower tranche of the power
spectrum density. Since the maximum negative slope of the modified law is lower
than that of the Lennard-Jones law, this allows the method to be extended to longer
wavelength features of the roughness. This approach can then be applied iteratively
to describe the effect of an extended roughness spectrum.
In the 4th chapter, we discussed the instabilities of thin elastic plane layers. Any
adhesive laws exhibit a range in which the slope is negative. The negative spring can
trigger elastic instability. Based on an energetic argument, for ν ≤ 0.25 the unstable
response comprises a sudden jump in and out during loading and unloading. For
ν > 0.25, infinitesimal sinusoidal perturbations on the plane surface are unstable, and
the most unstable wavelength is approximately three times layer thickness, resulting
in a regular pattern with the characteristic wavenumber. Once the instability occurs,
the traction curves for loading and unloading are different, implying a hysteretic
energy loss.
In the 5th chapter, we discussed the effect of roughness on the pattern instability
in the fourth chapter. With the large roughness, the onset of instability is more chal-
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lenging to define. One approach is to monitor the amplitude of the power spectrum
density near the characteristic wavelength, three times the layer thickness. While
the low root-mean-square roughness can trigger the instability, it is confirmed that
the moderate to large root-mean-square roughness exert a stabilizing effect. We also
developed a two-scale approximation. First, we estimated the effect of roughness on
the mean traction from the third chapter method. The modified traction law is then
used on the energetic analysis of plane surfaces from the fourth chapter. The approx-
imation results work exceptionally well with a criterion based on the power spectrum
density near the characteristic wavelength.
In the 6th chapter, we revisit the method in Chapter 3 to derive two partial
differential equations from the recursive processes involving integrations over a finite
tranche of power spectral density. We extend a method to adhesiveless contact by




Effect of Fine-Scale Roughness on the Tractions
Between Contacting Bodies
2.1 Introduction
Surfaces are rarely atomically smooth and numerous authors have attempted
to predict the effect of surface roughness on the contact of nominally plane sur-
faces. Many of these theories are based on models of the roughness as a set of non-
interacting microscopic asperities, following the seminal contribution of Greenwood
and Williamson [40]. These theories have enjoyed considerable success in explaining
the physical observation that [for example] electrical contact conductance and the
frictional forces during sliding are approximately proportional to the applied normal
force.
An alternative approach due to Persson [28] [see also [41, 42]] defines the function
Φ(p) representing the probability that an arbitrary point on the interface should be
in contact at a given pressure p, for a surface whose power spectral density [PSD]
PS(k) is truncated at some upper cutoff k. An expression is then developed for the
Chapter 2 is reproduced from the publication:
Joe, Junki, M. Scaraggi, and J. R. Barber. ”Effect of fine-scale roughness on the tractions between
contacting bodies.” Tribology International 111 (2017): 52-56.
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incremental change in Φ(p) due to the inclusion of an additional increment ∆k of the
PSD, and the effect of the entire PSD is obtained by iteration or integration. This
theory is also very successful at predicting important features of the contact problem
(for example, as observed in molecular and finite element simulations of particular
cases [37]).
Aficionados of either theory tend to be dismissive of the claims of the other,
but despite their differing approaches, the two theories often lead to surprisingly
similar predictions. For example, Bush [30] used predictions of asperity heights and
curvatures from profile measurements to determine parameters for an asperity model
and showed that at sufficiently low nominal pressures pnom, the proportion of the





























where the profile PSD PP (k) is related to the surface PSD by
















which has the same parametric dependence as Equation 2.1, but a numerical multi-
plier differing by a factor of 2/π. However, qualitative differences between the two
approaches are predicted when the nominal pressure is sufficient to ensure that a
significant proportion of the nominal surface is in actual contact.
2.1.1 Fine-scale roughness




where C is a constant andD is the fractal dimension of the surface and lies in the range
2 < D < 3. However, if an expression of this form is substituted into Equation 2.3, the
result is unbounded, so both theories predict a vanishing proportion of the nominal
area in actual contact and a theoretically infinite mean contact pressure. In asperity
model theories, this problem is reflected in the difficult of deciding at what scale the
‘asperities’ should be defined [44, 45]. Similar effects are seen in numerical studies
with progressive mesh refinement [46]. Of course, fine-scale effects must ultimately
be limited by plastic deformation or other failure modes of the material [47], and
the continuum theory itself becomes inappropriate at length scales comparable with
interatomic distances, but these arguments do not give a clear indication of the point
at which PS(k) should be truncated.
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2.1.2 Contact, separation and adhesive tractions
The difficulty with both approaches arises principally from the sharp distinction
between contact and separation assumed in conventional contact mechanics. If this
is relaxed through the use [say] of the Lennard-Jones traction law for contact interac-
tions, it seems clear that the high frequency, low amplitude components of the PSD
Equation 2.6 will have decreasing influence on the probability distribution function
[PDF] for pressure Φ(p). By contrast, if these waves are forced into contact at zero
gap, the incremental variance of contact pressure required increases without limit in
proportion with the mean surface slope.
The Lennard-Jones law involves regions of tensile as well as compressive tractions
and hence opens the vexed question of the influence of surface roughness on the
maximum nominal tensile traction [the ‘pull-off traction’] that can be supported by
an interface between two otherwise plane surfaces. Fuller and Tabor [48] extended
Greenwood and Williamson’s model by using the ‘JKR’ solution [10] for each pair
of interacting asperities, but the JKR theory also depends upon there being a sharp
distinction between regions of contact and separation. This implies a singularity in
tensile tractions at the edge of the contact region, and hence the occurrence of a
finite region in which the assumed tractions exceed the theoretical strength of the
materials. Tabor [14] has shown that this is an acceptable approximation for the






 1 , (2.7)
where R is the radius of the sphere, ∆γ is the interface energy, and ε is a measure
of the range of interatomic forces. Clearly this criterion will fail when asperities are
defined at a sufficiently fine scale.
Persson and Scaraggi [2] investigated the effect of surface roughness using the so-
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called ‘DMT’ approach, in which the adhesive tractions in the separation region are
estimated based on the gap that would occur in the absence of such tractions (found
in this case using Persson’s theory). Greenwood [17] argues that the DMT approach
is not a true asymptotic solution for µ  1 and offers an alternative ‘semi-rigid’
theory in which the gap is first estimated assuming the bodies to be rigid [7], but the
tractions associated with this gap are then allowed to deform the body elastically.
However, this approach fails for a Gaussian rough surface, since there is then a small
but finite probability of an asperity or a region of the surface having an arbitrarily
large height, so two statistically rough rigid bodies could theoretically never be made
to approach each other.
In this chapter, we shall attempt to resolve these difficulties by developing a theory
modelled on Persson’s approach, but including the modulation between contact and
separation associated with the Lennard-Jones law. In particular, we shall introduce
the effect of each small increment in the surface PSD using a linearized solution for the
combined effect of elastic deformation and Lennard-Jones gap-dependent tractions.
With this approach, we shall show that the probability distribution tends to a limit
at large k, so no truncation of the PSD is necessary. The same method also allows the
influence of the infinite ‘tail’ of the PSD on the relation between mean traction and
mean gap to be estimated, suggesting a procedure for extending the JKR approach
to surfaces with quasi-fractal roughness.
2.2 Theoretical model
We assume that the tractions σ [tensile positive] between two atomically plane























Figure 2.1: The Lennard-Jones force law.
[obtained through the application of the Derjaguin approach], where g is the local
value of the gap (separation) between the surfaces, ∆γ is the interface energy and
ε is the separation at which two unloaded bodies with plane surfaces would be in
equilibrium. This relation is illustrated in Figure 2.1, where σ is normalized by the







which occurs at B, where g = 31/6ε ≈ 1.201ε. The relation between ε and crystal
lattice parameters is discussed by Yu and Polycarpou [49].
2.2.1 Contact problem for a single sine wave
We first consider the simpler problem in which the gap g contains a single sinu-
soidal wave of amplitude g1 and wavenumber k, so that
g(x) = gave + g1 cos(kx) , (2.10)
where gave is the mean separation.
Equation 2.8 and Figure 2.1 define a non-linear relation, so the resulting con-
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tact pressure p(x) will not be sinusoidal. However, if g1/ε  1, we can linearize
Equation 1.1 about the mean value gave, obtaining
p(x) = −σ (g(x)) ≈ p̄+ p1 cos(kx) , (2.11)
where







The sinusoidal component will produce normal elastic displacements




(Johnson, 1985) and these increase the final gap g(x), so we conclude that the original
undeformed surface must have contained a sinusoidal perturbation of amplitude h1 =
g1 − u1. Using Equation 2.8 to evaluate the derivative in Equation 2.12, we obtain

























Notice that the dimensionless wavenumber has obvious similarities to the Tabor
parameter of Equation 2.7 and we could define an equivalent Tabor parameter using
the radius of the peaks of the sine wave for R. It is also worth remarking that for the
contact of similar materials, the slope of the Lennard-Jones relation Equation 2.8 at
the equilibrium point A in Figure 2.1 is related to the elastic modulus E [50]. For
this case, if ν = 0, the dimensionless wavenumber k̃ ≈ 3kε.
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2.2.2 A ‘small’ packet of uncorrelated sine waves
We next consider the case where the surfaces are nominally plane with constant
separation g̃0, and we add an isotropic packet of uncorrelated sine waves whose
wavenumbers lie in a band (k̃, k̃+ ∆k̃). If the total energy in this band is sufficiently
small, the PDF of the resulting gap g̃ will have the Gaussian form
















This argument depends on V being sufficiently small for f(g̃, k̃) to be considered
constant in the range where Φ(g̃) is not negligible [e.g. in g̃0−5
√
V < g̃ < g̃0 +5
√
V ].
Intuitively, the resulting error should tend to zero as ∆k̃ → 0, and we shall show in
Section Equation 2.3.1.1 that a corresponding numerical iterative solution for a given
P̃S(k̃) converges on a unique result in this limit.
2.2.3 Integration over an extended PSD
We interpret Equation 2.16 as defining the conditional probability Φ(g̃|g̃0) of a
point at separation g̃0 being at g̃ after the addition of the wave packet ∆k̃. This
involves the assumption that the conditional probability depends only on the local
value of g̃0 and hence is the same as would be obtained if the entire surface were
at g̃0. However, this is not very different from the assumption in Persson’s theory
[28, 42] that the conditional probability Φ(p|p0) for contact pressure is given by the
full contact solution, since this implies that it is uninfluenced by the possible [and
indeed likely] nearness of regions of separation.
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If the PDF of g̃ for the case where the surface PSD is truncated at k̃ is denoted
by Φ(g̃, k̃), we can determine the corresponding expression after the addition of the
wave packet ∆k̃ as















This relation can then be applied iteratively to determine Φ(g̃) due to an extended
PSD.
Notice that the theory developed here differs from that of Persson [28] in that
from the beginning we track the evolution of the probability distribution Φ(g̃) of the
gap g̃, rather than that of the contact pressure p. We make this choice because the
Lennard-Jones traction σ = −p, illustrated in Figure 2.1, is a single-valued function
of g, whereas for 0 < σ < σ0, g is a multi-valued function of p, so the probability
Φ(p) entails some ambiguity as to which branch is in question. Almqvist et al. [52]
developed expressions for Φ(g), but these were derived from Φ(p) using a strain
energy argument, and assumed a sharp transition from contact to separation without
traction.
2.2.4 Negative stiffness and instability







implying that a single sine wave of infinitesimal amplitude in the original profile would
result in a sinusoidal gap that is 180 deg out of phase. In effect, the system exhibits
negative stiffness in this range and the resulting solution would clearly be unstable.
Instead we should anticipate a jump to one of two stable states that are not within
an infinitesimal neighbourhood of the original perturbation.
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In fact, if two plane surfaces of (say) square planform of side 2π/k are brought to a
mean separation g̃ in the range defined by Equation 2.19, it is energetically favourable
for a sinusoidal perturbation to form spontaneously. However, the maximum value of
the right-hand side of Equation 2.19 occurs at g̃ = 6
√




0.470, so this instability is precluded if we restrict attention to roughness spectra in
the ‘fine-scale’ range k̃ > k̃0.
To place this value in perspective, we note that the (dimensional) peak radius
of the sinusoid h sin(k0x) of amplitude h is R = 1/hk
2
0. If this value is used in the
definition of the Tabor number Equation 2.7, we obtain





Thus, k0 can also be interpreted as the wavenumber above which the JKR method-
ology would be inappropriate for a single sine wave of amplitude h ∼ ε.
2.3 Results
We first consider the case where the PSD has the quasi-fractal form of Equa-
tion 2.6 with lower and upper cutoff frequencies k1, k2 respectively. We start from the
condition where the surface is plane so that the separation is everywhere constant and
equal to gave, and hence Φ(g̃) = δ(g̃− g̃ave), where δ(·) is the Dirac delta function. We
then add wave packets ∆k̃ sequentially using equations Equation 2.18, Equation 2.17
until the entire PSD has been added.
2.3.1 Convergence tests
2.3.1.1 Choice of ∆k̃
We argued in Section 2.2.2 that Equation 2.16 is strictly correct only when V is
‘sufficiently small’, which here places a restriction on the value of ∆k̃. For a given
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Figure 2.2: Effect of maximum wave packet variance Vmax on the convergence of the
process.
value of ∆k̃, V (g̃, k̃,∆k̃) is a function of g̃ with the maximum value occurring at g̃0 =
6
√
15/2. We therefore anticipate that numerical convergence will be approximately
characterized by the parameter Vmax = V (g̃0, k̃,∆k̃)
Figure 2.2 presents numerical calculations for the resulting PDF obtained with
various values of this parameter, for the case where g̃ave = 0.98, k̃1 = 1, k̃2 = 5 and
the PSD is given by the dimensionless equivalent of Equation 2.6 with D = 2.5
and a multiplying constant C = 1/π. The results show that the PDF does indeed
converge as ∆k̃ is reduced, and the curves for values below Vmax = 1/400 are virtually
indistinguishable, suggesting that this is an acceptable degree of discretization.
2.3.1.2 Convergence at large k̃2
Figure 2.3 shows results obtained for the same PSD and mean gap g̃ave, but differ-
ent values of the upper cutoff frequency k̃2. Notice that there is significant evolution of
the PDF as k̃2 is increased, but the curves become almost identical beyond k̃2 = 580,
showing that the process converges as surmised in the Introduction. It follows that
with this strategy, it is not necessary to impose an arbitrary truncation on the PSD.
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Figure 2.3: Effect of upper cutoff frequency k̃2 on Φ(g̃).
2.4 Relation between mean gap and nominal traction
Once the probability distribution function Φ(g̃) has been determined, the nominal





where σ(g̃) is the Lennard-Jones traction Equation 2.8.
Figure 2.4 shows the resulting nominal traction, normalized by the maximum
Lennard-Jones tensile traction σ0, as a function of the mean gap g̃ave, for the PSD
Equation 2.6 with k̃1 = 1, C = 1/π,D = 2.5 and k̃2 → ∞. Notice that the resulting
figure is qualitatively similar to that of the original L-J law of Figure 2.1, but with two
notable differences: (i) the maximum tensile value is significantly lower than unity,
and (ii) the equilibrium point [where σ̄ = 0] is shifted to a value g̃ave > 1. This shift is
a consequence of the high stiffness of the surface to high frequency waves. At modest
nominal compressive tractions, only the peaks of the distribution come within range
of L-J tractions and hence the mean planes are more separated relative to similar
loading of two plane surfaces. For a given (dimensional) PSD, this mean-plane shift
increases with E
∗
and of course would be theoretically infinite in the rigid-body
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Figure 2.4: Relation between mean traction σ̄ and mean gap g̃ave for k̃1 = 1, C =
1/π,D = 2.5 and k̃2 →∞.
(Bradley) limit [53], since the rough surface has no highest point. The modified force
law of Figure 2.4 preserves the g̃−3ave behaviour of the L-J law at large g̃ave, but is not
of power law form in the compressive range.
The shaded area in Figure 2.4 is proportional to the work that must be done
per unit nominal area in order to separate the contacting rough surfaces from the
equilibrium position. Thus it can be seen as a measure of interface energy ∆γ, as
modified [reduced] by the presence of fine-scale roughness k̃ > k̃1. Figure 2.5 shows
the magnitude ∆γeff of this modified interface energy and also the maximum pull-off










Notice that the more usual RMS roughness measure is equal to
√
m0. Both ∆γeff and
σ̄max are normalized by the plane surface values and hence tend to unity for m0 = 0.
Persson and Scaraggi [2] define the related quantity γeff(σ̄) as the work done per
unit area in separating two surfaces currently loaded by a mean traction σ̄. They


















Figure 2.5: Effect of fine-scale roughness on the effective interface energy ∆γeff and
pull-off traction σ̄max. Here D = 2.05, 2.5, k̃1 = 0.5 and the height vari-
ance m0 is changed through the constant C in Equation 2.6.
estimated based on a classical ‘hard-contact’ elastic model without adhesive tractions.
The van der Waals’ tractions associated with this gap are then summed and added
to the total compressive force in the contact region to obtain the total contact force.
The quantity ∆γeff plotted in our Figure 2.5 is essentially γeff(0). In other words, it is
the work done in separating the bodies from the equilibrium position, where σ̄ = 0.
The results in Figure 2.5 show that adhesive tractions fall off more rapidly with
increasing m0 when the fractal dimension D is larger. This is consistent with results
for conventional truncated PSDs, since an increase of D at constant m0 would then
imply an increase in the surface slope variance m2, as reported [for example] by
Pastewka and Robbins [37]. Notice however that for an untruncated fractal PSD
m2 is theoretically infinite, so a criterion based on surface slopes [rather than fractal
dimension] is critically dependent on the upper cutoff k2.
2.5 Comparison with a discrete numerical model
In order to assess the effect of the approximations inherent in the solution, we
compared the results in particular cases with the numerical model described in the
Appendix of [2]. A square domain is discretized using a uniform square mesh and the
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Figure 2.6: Comparison of the predicted mean traction σ̄ as a function of mean gap
g̃ave using the present statistical method and the numerical method of [2].
Results are presented for k̃1 = 1, k̃2 = 8, D = 2.2 and three values of the
dimensionless height variance m̃0 = m0/ε
2.
tractions at each grid point are defined by the Lennard-Jones law of Equation 2.8. The
corresponding elastic deformations due to these tractions are determined by inversion
of the elastic solution in Fourier space, which therefore implies periodic boundary
conditions on the modelled domain. The combined [elastic + L-J] displacements at
each point are required to satisfy the contact condition appropriate to a realization of
the isotropic PSD Equation 2.6. The resulting set of non-linear equations is satisfied
using a damped molecular dynamic algorithm. For more details, the reader is referred
to [2].
Since the numerical solution is based on a particular realization of Equation 2.6,
different results are obtained depending on the initial random number seed. In partic-
ular, the resulting force-displacement curve analogous to Figure 2.4 is quite sensitive
to the actual maximum height in the realization. This variability would of course
be reduced if computational considerations allowed a larger region of the surface to
be modelled. In Figure 2.6, we compare the predictions of the present statistical
algorithm with the average of four numerical realizations for the normalized mean
traction σ̄/σ0, for three values of the height variance and D = 2.2, k̃1 = 1, k̃2 = 8.
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2.6 A hybrid JKR theory
Many treatments of adhesive contact problems make use of the JKR formalism
[48, 54, 55], since it is amenable to analytical solution, whereas a solution using the
full Lennard-Jones traction law almost invariably requires numerical solution and
even then the resulting problem can be quite challenging.
The present method opens up the possibility of decoupling the effect of fine-scale
roughness [where the effective Tabor number is too small for the JKR approach to
be reasonable], from coarse scale features. We first determine the reduced interfacial
energy due to the fine-scale roughness k > k1 using the methodology of Section 2.
The rest of the profile, comprising roughness in the range k < k1 and any macroscopic
features of the contacting bodies can then be used to define a contact problem using
the JKR formalism, but with ∆γ replaced by ∆γeff .
2.7 Conclusions
We have described a procedure based on Persson’s theory of rough surface contact
for determining the effect of adding a small increment of the truncated PSD on the
resulting probability distribution for the gap g, including contributions from elastic
deformation and from the Lennard-Jones interfacial traction law. The L-J law is used
throughout the compressive and tensile range and hence this theory does not include
regions of ‘hard’ compressive contact where further variation of gap is impossible. As
a result, the solution converges at large wavenumbers, in contrast to hard contact
theories which generally require the PSD to be somewhat arbitrarily truncated.
Using this method, we are able to determine the effective reduction in interfacial
energy and mean pull-off traction due to the fine scale [i.e. high wavenumber] com-




Effect of Roughness on the Adhesive Tractions
Between Contacting Bodies
3.1 Introduction
If the surfaces of two contacting bodies were perfectly smooth and plane, the trac-
tions between them would be determined by a potential law characterizing the physics
of the intermolecular forces, and in particular would exhibit a range of separations in
which these tractions would be attractive. However, the inevitable presence of surface
roughness weakens the adhesive tractions. Indeed, Fuller and Tabor [48] showed that
even minor roughness can seriously degrade the adhesion between contacting bodies.
Many researchers have developed models to predict the effect of surface roughness
on contact. Since contact is expected to be concentrated near the highest points of
the two surfaces, many of these theories depend on approximating the rough surface
profile by a distribution of asperities, which are then assumed to act independently.
Greenwood and Williamson [40] showed that the behaviour predicted by such a model
is largely determined by the height and local curvature distribution of the asperities
Chapter 3 is reproduced from the publication:
Joe, Junki, M. D. Thouless, and J. R. Barber. ”Effect of roughness on the adhesive tractions between
contacting bodies.” Journal of the Mechanics and Physics of Solids 118 (2018): 365-373.
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and considerable effort has been expended in extracting this information from surface
profile measurements [43]. However, high resolution measurements of surface profiles
show that roughness exhibits multiscale features over several decades of length scale
[56]. This implies that if an asperity is defined as a point higher than its nearest
neighbours, the asperity parameters and some of the predictions of the resulting
model are sensitive to the resolution of the surface measuring instrument.
An alternative approach, pioneered by Persson [28], is to characterize the rough
surface contact problem by the probability distribution function [PDF] Φ(p, k) for the
contact pressure p at a random point, when the power spectral density [PSD] P (k)
of the surface roughness is truncated at some wavenumber k. The modification of
Φ(p) due to the introduction of a small increment (k, k + ∆k) of the PSD is then
estimated. The PDF Φ(p) due to the entire PSD can then be determined by iteration
or integration. This technique was introduced earlier by Ciavarella et al. to investigate
the contact of a surface defined by the Weierstrass profile [41].
In a previous paper [57], we introduced a modification to Persson’s theory in which
we (i) tracked the PDF Φ(g) for the local separation [gap] g between the surfaces
rather than the contact pressure, and (ii) determined the effect of an infinitesimal
increment in the PSD using a linear perturbation of the traction law between plane
surfaces [5] about the local value of g. The reason for developing this theory in terms
of g was that the local traction σ0[= −p] is always a unique function of g, whereas if a
tensile range [σ0 > 0] exists, g is not a unique function of σ0. This is illustrated for the
Lennard-Jones traction law in Figure 3.1, but it is clearly the case for any traction law,
including those we shall use in the following analysis for the mean traction between
rough surfaces.
The method described in [57] gives predictions of the relation between the mean
traction σ̄ and mean gap ḡ that agree closely with direct numerical simulations for
cases where the roughness PSD is restricted to high wavenumbers k. However, it can-
37
Figure 3.1: The Lennard-Jones interface traction law. The separation g is normalized
by the equilibrium spacing ε between the surfaces.
not be extended to a broader spectrum because the incremental problem is unstable
for wavenumbers that are low enough for the maximum negative slope of the traction
law to exceed the positive stiffness of the contacting bodies subjected to a spatially
sinusoidal traction. This is a real physical effect. [58] and [59] have shown experimen-
tally that for thin elastic films, nominally uniform contact can bifurcate into regular
patterns. An energetic analysis of this phenomenon [60, 61] predicts instabilities for
layers of any thickness, including the half space, if the wavelength is sufficiently large
[i.e. k sufficiently small]. An arbitrarily small perturbation of the given wavenumber
[i.e. any non-zero content in the PSD in that range] is then sufficient to trigger the
instability.
In this context we should note that practical contact problems necessarily involve
bodies of finite dimensions, and the description of the surface in terms of a PSD [and
particularly a power-law PSD] is then meaningful only for wavelengths much smaller
than the linear dimensions of the macroscopic contact area. Practical surfaces are
likely to exhibit stochastic and/or deterministic deviations from the plane outside
this range, and these can also be expected to influence the contact morphology and
hence the adhesive force law.
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Figure 3.2: Partition of the power spectral density [PSD] into ‘fine scale’ and ‘coarse
scale’ components.
In this chapter, we shall overcome this difficulty by applying the technique from
[57] sequentially. To illustrate the concept, Figure 3.2 shows a representative PSD
in the range k1 < k < k2 which has been arbitrarily separated into coarse-scale
[k1 < k < k0] and fine-scale [k0 < k < k2] components. Suppose that k0 is sufficiently
large to permit the method of reference [57] to be used to determine the relation σ̄(ḡ)
for a plane surface containing only the fine scale roughness. We can then consider the
entire PSD of Figure 3.2 as defining a surface whose PSD contains only the coarse
scale roughness, but for which the interface traction law is σ̄(ḡ) rather than σ(g). In
other words, at this stage, the coarse scale is modelled explicitly, but the effect of the
fine scale is reflected in a modified traction law. Since σ̄(ḡ) will generally have a lower
maximum negative slope than σ(g) [the fine-scale roughness attenuates the attractive
tractions], this allows us to proceed to lower wavenumbers without encountering an
instability in the incremental problem.
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3.2 Theory
If the force between two molecules is assumed to follow the Lennard-Jones 6-12
law, the traction σ0(g) between two bodies bounded by plane surfaces and separated












[5], where ∆γ0 is the interface energy per unit area and ε is the equilibrium spacing.







We shall use these results in the following derivations, but we note that the same
method can be applied to any other traction law for which the function σ0(g) is known
or assumed.
3.2.1 Probability function for gap
Suppose that a rough surface is placed near to a plane surface such that the mean
gap is g, and that, in this configuration, the probability of a given point having a
local gap s is Φ(s|g). The mean traction σ(g) between the surfaces can then be found





We shall refer to σ(g) as the effective traction law for a surface of the given
roughness. It corresponds to the traction law that would be measured experimentally
for nominally plane but actually slightly rough surfaces.
We next extend the definition of the conditional PDF such that Φ(s|g; k1, k2)
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denotes the conditional probability Φ(s|g) for the case where the roughness is defined
by that part of a given PSD P (k) in the range k1 < k < k2. If P (k) is partitioned
into two ranges as in Figure 3.2, it then follows that
Φ(s|g; k1, k2) =
∞∫
0
Φ(s|t; k0, k2)Φ(t|g; k1, k0)dt , (3.4)
since points that are separated by t for the PSD (k1, k0) will be distributed by the
conditional probability Φ(s|t; k0, k2) when the roughness spectrum (k0, k2) is added.
If we now apply the operator Equation 3.3 to both sides of Equation 3.4, we obtain









Φ(t|g; k1, k0)σ(t; k0, k2)dt (3.5)
after changing the order of integration, where
σ(t; k0, k2) =
∞∫
0
Φ(s|t; k0, k2)σ0(s)ds (3.6)
is the effective traction law for a surface containing only the roughness in (k0, k2).
Clearly this argument can be applied sequentially to a PSD partitioned into any
number N of tranches. At each stage, the effective traction law determined up to
that point is used in place of σ0(g) to determine the new traction law when the next
tranche is included.
3.2.2 Conditional probability
An essential stage in the procedure is the determination of the conditional proba-
bility distribution Φ(s|g) given the PSD P (k) when k ∈ (ki−1, ki) and the most recent
effective traction law σi(g) = σ(g; ki, kN). If the added roughness is sufficiently small,
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this problem can be solved as in [57], but using a local linear perturbation of the
non-linear function σi(g), in combination with the elastic solution for a prescribed
sinusoidal traction.
The derivations are given in [57] and are omitted here in the interests of brevity.
We obtain
































and Ej, νj, j = 1, 2 are the Young’s modulus and Poisson’s ratio respectively for
body j. These results reduce to equations (14–17) of [57] if σi(g) is replaced by the
Lennard-Jones law σ0(g) of Equation 3.1.
3.3 Numerical solution and convergence
The procedure described above [and in particular Equation 3.7 and Equation 3.8)]
















This in turn requires that the intervals (ki−1, ki) be sufficiently small, and that
appropriate values can be chosen based on a conventional convergence study. How-
ever, the condition Equation 3.10 suggests that larger intervals can be used at smaller
values of k to increase computational efficiency. Numerical experiments with several
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]−3
< 2× 10−5 (3.11)





is the height variance associated with the tranche ∆k = (ki−1, ki) of the PSD. For
fractal surfaces with fractal dimension D, this leads to an approximate power-law
dependence ki ∼ iλ with λ ≈ 7− 2D.
3.3.1 Comparison with direct numerical computations
The strength of the present method is that it can be used for broadband spec-
tra where the ratio of upper to lower wavenumber kN/k1 is relatively large. Direct
numerical solutions [e.g. boundary-element or finite-element studies] are limited to
values of this ratio of the order of 100. Furthermore, they can only give results for
particular random realizations of the underlying statistics, requiring multiple calcula-
tions to yield appropriate averages. However, as a check on the present procedure, we
compared our results with numerical solutions using the ‘Green’s function molecular
dynamics’ [GFMD] code developed by Persson and Scaraggi [2] for a PSD of power-
law form with a fractal dimension D = 2.2, k̃1 = 0.8, k̃2 = 8.0 and height variace
m0 = 0.66ε
2, where the dimensionless wavenumber is defined by





Figure 3.3 shows the predicted relation between the normalized mean interface
traction σ/σmax0 and gap g/ε [solid black line] and numerical simulations using several
realizations of the same PSD [thin red lines]. The present prediction lies well within
the variance of these realizations, except in a range very close to the equilibrium gap,
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Figure 3.3: Traction law σ(g) for contact between a nominally plane rough surface and
a flat. The roughness spectrum is a power-law with fractal dimension D =
2.2, dimensionless wavenumbers 0.8 < k̃ < 8.0 and height variance m0 =
0.4356ε2. The solid line represents the predictions of the present theory
and the thin red lines represent numerical solutions using the ‘GFMD’
code from [2].
where the theoretical line is lower than the mean of the simulations.
For practical applications, interest is focussed mainly on the effective interface
strength σmax [the maximum value of the traction in Figure 3.3] and the effective
interface energy ∆γeff [the area underneath the curve in Figure 3.3]. This latter term
is the work per unit area needed to separate the rough surfaces from the equilibrium
separation. The analytical predictions for these quantities using the present theory are
σmax = 0.41σmax0 and ∆γeff = 0.88∆γ0, whereas a curve σ(g) averaged over those from
12 numerical realizations gives σmax = 0.43σmax0 and ∆γeff = 0.89∆γ0 respectively.
As a further check, Figure 3.4 compares our predictions for the pull-off trac-
tion σmax for the somewhat broader PSD defined by Figure 18 of [2] with numerical
[GFMD] calculations and theoretical predictions both taken from Figures 15 and 17 of
the same paper, for four different values of the interface energy ∆γ for plane surfaces.
The agreement between the present theory and the GFMD calculations is clearly very
satisfactory.
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Theory of Persson and Scaraggi
Figure 3.4: The solid line shows the predicted pull-off traction σmax for the PSD
defined by Figure 18 of [2], which has fractal form with D = 2.2 in the
range kr < k < 8kr and is constant in kr/4 < k < kr, where the roll-
off wavenumber kr = 10
6 m−1. The RMS roughness height is hRMS =
0.52 nm. Theoretical predictions [dotted line] and numerical [GFMD]
calculations [dashed line] from [2] are shown for comparison. [This figure
is plotted with dimensional axes to facilitate comparison with [2].]
3.4 Results
The comparisons in Section Equation 3.3.1 show that the proposed solution gives
good predictions of the effect of surface roughness on adhesive traction parameters,
so we now apply the method to broader roughness spectra, for which direct numerical
calculations would be very computationally intensive. In the interests of generality,
we present the results in terms of the dimensionless wavenumber k̃ of Equation 3.13.
We restrict attention to power-law PSDs, which can be characterized by the lower











Figure 3.5 shows the effect of height variance on σmax and ∆γeff , for a fractal PSD
with k̃1 = 0.04, k̃2 = 8 and D = 2.2. In this range, m̃0 has a dramatic effect on both
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Figure 3.5: The effect of dimensionless height variance m̃0 on σ
max and ∆γeff for
fractal roughness with D = 2.2 and k̃1 = 0.04, k̃2 = 8.
these measures of adhesion. Changing m̃0 by a factor of 200 [from 0.5 to 100 and
hence hRMS from 0.7ε to 10ε] reduces ∆γeff by a factor of 1,000 and σ
max by a factor
of 25,000.
The dashed line in Figure 3.5 represents the analytical prediction for σmax defined
by [62] based on a ‘Bearing Area’ approximation to the adhesive tractions. This
method underestimates σmax [perhaps because of the empirical factor in the bearing
area calculation], but tracks the shape of the curve well except at larger values of m̃0.
We showed in [57] that the gap distribution Φ(g) and hence the effective traction
law σ(g) for a fractal surface converge as the upper cutoff k̃2 → ∞, since eventually
the amplitudes of any added waves are small compared with the length scale of the
intrinsic force between the surfaces. Results from the present analysis confirm that
changing k̃2 has relatively little effect on σ
max and ∆γeff once it approaches a practical
limit of the atomic scale. By contrast, the lower cutoff k̃1 has a significant effect, as
shown in Figure 3.6, which plots these quantities as functions of k̃1 for fixed values
of m̃0, k̃2 and D.
This result has a simple physical explanation. The amplitude of the traction
distribution needed to flatten a single sine wave elastically is proportional to the
46
Figure 3.6: The effect of lower cutoff k̃1 on σ
max and ∆γeff for fractal roughness with
k̃2 = 8, m̃0 = 100 and D = 2.2.
surface slope, so the short wavelength roughness is very difficult to deform. The
behaviour in this range is dominated by the interfacial traction law and the height
distribution, and is therefore well characterized by m0. This is the range described by
Persson and Scaraggi [2] as the ‘DMT-limit’. However, at lower wavenumbers, elastic
deformation becomes increasingly dominant, and the effect of coarse scale roughness
tends to that predicted using a hard contact theory which is characterized by the
mean square slope m2.
3.4.1 Effect of fractal dimension
All the results presented above are for a surface PSD with fractal dimension
D = 2.2. Reducing D for given values of the other parameters has the effect of
moving contributions from the variance m̃0 towards lower wavenumbers, where we
have already seen the effect of roughness on both σmax and ∆γeff is somewhat re-
duced. This tendency is confirmed by Figure 3.7, for k̃1 = 0.05, k̃1 = 8, m̃0 = 0.4356.
However, the effect is relatively modest, implying that the results for D = 2.2 should
be reasonably representative for other practical fractal dimensions.
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Figure 3.7: The effect of fractal dimension D on σmax and ∆γeff for fractal roughness
with k̃1 = 0.05, k̃2 = 8 and m̃0 = 66.
3.4.2 Contour plot
Each point in Figures 3.5 and 3.6 involves the calculation of the effective traction
law σi(g) for the PSD truncated at at a progressively lower wavenumber cutoff ki and
therefore provides implicit information about the pull-off traction σmax and the effec-
tive interface energy ∆γeff at a series of points along a line in (m0, k1)-space. These
data were used to construct the contour plots of Figure 3.8 [for σmax] and Figure 3.9
[for∆γeff ] for power-law PSDs with k̃2 = 8 and D = 2.2.
The bottom left region of each of these figures [below the dashed line] defines
parameter values in which the reduction of maximum negative slope in the effective
traction law σ̄(ḡ) due to surface roughness is insufficient to prevent instability. In
this range, if the linear dimensions of the surface are sufficiently large to support a
sine wave of the given value of k̃1, we can anticipate periodic structures of the type
documented by Chaudhury and Shenoy [58, 59, 60, 61], even if the roughness PSD
contains no waves of this wavelength.
One consequence of these instabilities is that there then exist two stable equilib-
rium states for a given value of mean separation, so that the loading and unloading
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Figure 3.8: Contour plot of normalized pull-off traction σmax/σmax0 as a function of
k̃1, m̃0 for fractal roughness with k̃2 = 8 and D = 2.2. The inset compares
contours in the dashed rectangle from the present theory [solid lines] with
those from the GFMD code [dashed lines] using a single realization for
each point.
Figure 3.9: Contour plot of normalized effective interface energy ∆γeff/∆γ0 as a func-
tion of k̃1, m̃0 for fractal roughness with k̃2 = 8 and D = 2.2.
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curves will generally be different. This implies hysteretic energy loss during a load-
ing/unloading cycle, and since different regions encounter the instability at different
points in the loading cycle, the unloading cycle and the hysteretic loss will depend
on the maximum compressive traction during loading. Results of this kind have been
documented in asperity models ([63]) and in numerical models ([64]). One method of
quantifying these effects would be to use a partition of the PSD as shown schemat-
ically in Figure 3.2, such that inclusion of the fine scale alone defines a point in the
stable range in Figs. 8, and 9 and hence leads to a single-valued traction law. This
law could then be used in a numerical solution of the coarse-scale problem. This is a
subject of ongoing research.
The contours in these figures start to curve backwards as the unstable region is
approached, particularly for the pull-off traction σmax in Figure 3.8. This implies a
greater reduction of adhesion in this region as k1 is reduced. Physically this arises
because long wavelength sinusoids experience relatively large amplitudes of elastic
deformation, which increase the variance of the local gap g in regions where the
traction law has a negative slope. In effect, the PDF Φ(g) is already starting to
develop the bimodal form associated with the unstable patterns described in [58, 59,
60, 61].
To ensure that these results were not the result of a fictitious numerical instability,
we ran numerical [GFMD] examples in the range defined by the dotted rectangle in
Figure 3.8. In this range, numerical calculations are computer-intensive but not
prohibitively so. Since each run of the GFMD code defines only one realization of the
underlying statistics, a precise check on the theory is not possible, but the predicted
pull-off traction for all the cases analyzed were within ±10% of the predicted values.
More importantly, the GFMD results confirm that the pull-off traction falls with
decreasing k1 near the stability boundary, implying that the contours have the shape
shown in Figure 3.8.
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3.5 Conclusions
This chapter presents an efficient procedure for predicting the effect of broad
sprectrum surface roughness on the effective adhesive traction law — i.e. the relation
between nominal adhesive traction and mean gap. Results agree well with the av-
erages of direct numerical simulations for the relatively narrower spectra over which
such simulations are computationally practicable.
Contour plots are presented for the nominal pull-off traction and effective interface
energy for broader power-law spectra as a function of lower cutoff wavenumber and
height variance. The calculations show that instabilities occur for relatively smooth
surfaces whose linear dimensions are sufficiently large to support long wavelength
perturbations. This is a physical effect that has been documented both experimentally
and theoretically. Near the unstable range, a greater reduction in adhesive effects is
predicted and this behaviour has been confirmed for relatively narrow spectra using
numerical simulations.
At large wavenumbers [short wavelengths], the effect of roughness on adhesion is
well-characterized by the height variance m0, but at lower wavenumbers elastic effects
become more important and incremental contributions to m0 have less effect, except
near the unstable range.
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CHAPTER IV
Effect of Adhesion on the Thin Elastic Layer
4.1 Thin elastic layers
Many engineering and scientific applications involve thin deformable layers sup-
ported by a relatively rigid foundation. Examples include rubber layers bonded to
steel components and cartilage layers attached to bones. If an elastic layer of thick-
ness h is bonded to a rigid foundation and then subjected to a uniform tensile traction
σ, the only non-zero strain will be that in the thickness direction and the surface will






(1 + ν)(1− 2ν)h
. (4.1)
Johnson [65] argued that this remains a good approximation under more general
spatially-varying tractions as long as the layer is ‘sufficiently thin’ meaning that h
is small compared with the linear dimensions of the loaded area. The layer then
acts like a Winkler foundation of ‘modulus’ k, with proportionality between local
Chapter 4 is adapted from part of the published paper:
Ciavarella, M., Joe, J., Papangelo, A., Barber, J. R. ”The role of adhesion in contact mechanics.”
Journal of the Royal Society Interface 16.151 (2019): 20180738.
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displacement and local traction. In particular, in non-conformal contact problems
[such as indentation of an elastic layer by a sphere], the contact pressure then goes
to zero at the edge of the contact area.
Johnson’s argument was extended to problems involving adhesive tractions by
Yang [66] and Argatov et al. [67], using an energy argument analogous to that in the
JKR theory [10]. They showed that the effect of interface energy was to change the
boundary condition at the edge of the contact area from σ = 0 to σ =
√
2k∆γ, which
is independent of the contact geometry [as is the stress intensity factor Equation 4.2












and Ei, νi are Young’s modulus and Poisson’s ratio respectively for the two bodies,
with i = 1, 2.
If ν → 0.5, the modulus k → ∞, since the layer becomes incompressible. Defor-
mation is still possible under non-uniform tractions, but involves the displacement
of material in the plane of the layer [65]. Approximate solutions for the case with
adhesive tractions are given by Yang [68], Argatov et al. [67] and Papangelo [69].
4.1.1 Instabilities
The traction law σ(g) of Equation 1.1 and Figure 1.1 can be regarded as a non-
linear spring [with ranges of negative stiffness] in series with the linear spring asso-
ciated with the modulus k of Equation 4.1. For example, if ∆ denotes the gap that
would exist between a layer and a plane surface in the absence of elastic deformation,
the actual gap will be g where













The gap g and hence the traction σ(g) will be multivalued functions of rigid-body
approach ∆ if there exist ranges where ∂∆/∂g < 0. Notice [for example from Fig-
ure 1.1] that any traction law involving adhesive tractions must exhibit a range of
values of g in which the slope ∂σ/∂g < 0, and from Equation 4.3, instability is most
likely to occur at the point where the magnitude of this negative slope is maximum.
For the traction law of Equation 1.1, this maximum slope occurs at g = (15/2)1/6ε
and is of magnitude 1.253∆γ/ε2.






is equal to 0.5. If the bodies are initially widely separated, the tractions will be defined
by the lower branch of the curve, but if ∆ is reduced below ∆A, there must then be
a jump to the point B. A jump in the opposite direction from C to D is anticipated
during subsequent separation, so that during an approach-separation cycle, there will
be a hysteretic energy loss defined by the area ABCD.
4.1.2 Sinusoidal instabilities
The uniform state defined by Equation 4.3 can be unstable to non-uniform pertur-
bations even where jumps are not predicted. It is convenient to define a dimensionless
coordinate ξ = x/h in the plane of the layer. For a linear elastic layer, a sinusoidal






Figure 4.1: Adhesive traction σ as a function of rigid-body approach ∆ [i.e. the gap
that would exist in the absence of elastic deformation] for a layer with
ν = 0.25 and β = 0.5. Jumps occur during approach from A to B and
during separation from C to D as indicated by the dotted lines.
where k(ζ) is a wavenumber-dependent stiffness. For a uniform elastic layer bonded
to a rigid foundation, we have
k(ζ) =
Eζ [(3− 4ν) cosh(2ζ) + 2ζ2 + 5− 12ν + 8ν2]
2h(1− ν2) [(3− 4ν) sinh(2ζ)− 2ζ]
(4.6)
[70], which reduces to Equation 4.1 in the limit ζ → 0. However, similar arguments
can also be applied to more complex elastic systems such as multilayers or functionally
graded layers, the only change being in the function k(ζ).
If the layer is placed such that the uniform solution of § 4.1.1 involves a gap g1,
energetic arguments can be used to show that infinitesimal sinusoidal perturbations






< −k(ζ) , (4.7)
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[71, 72], so instability is most likely to occur at values of g1 near the maximum
negative slope of the traction law. With the Lennard-Jones law, this implies that












for all ζ, from Equation 4.4, and Equation 4.7.
Non-linearity of the traction law Equation 4.1 places limits on the growth of such
a perturbation, but if the condition Equation 4.7 is satisfied for some range of values
of g1, ζ, we might then anticipate the development of a spatially-periodic deformation
pattern during approach of the layer to a plane surface.
Patterns of this kind have been predicted theoretically [71, 72] and observed exper-
imentally [73, 74] mainly for incompressible layers for which the ‘uniform’ instability
of § 4.1.1 is suppressed. Gonuguntla et al. [73] have shown how this self-patterning
behaviour can be used in the manufacture of patterned layers using lithography.
4.1.3 Periodic deformation patterns
Figure 4.3 shows contours of the gap g(x, y) for four stages of approach ∆ for a
layer with β = 0.25, ν = 0.5. These results were obtained using the Green’s Function
Molecular Dynamics [GFMD] algorithm of Persson and Scaraggi [75]. Since the mate-
rial is incompressible, uniform instabilities of the type discussed in Section 3.1 cannot
occur. The contours are defined as multiples of ε and the scale bar in Figure 4.3 (a)
represents the layer thickness h.
During approach [∆ decreasing] the morphology is first defined by pillars of ’con-
tact’ [values of g close to ε] surrounded by regions of much larger gap (a). Further
reduction in ∆ leads to the labyrinth pattern (b) and then an inverted labyrinth (c)
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where regions of contact are connected. The last stage (d) comprises a pattern of
approximately circular separation regions surrounded by contact. The red line in
Figure 4.3 (d) represents wavelength corresponding to the most unstable sinusoidal
perturbation [see § 4.1.5 and Figure 4.5 below].
Theoretically, instability starts at the value of ∆ at which an infinitesimal sinu-
soidal perturbation first becomes unstable. However, once a pattern is established,
it persists beyond the range of linear instability and hence the traction curves for
loading and unloading are different, as shown in Figure 4.3. During progress from
contact to separation, patterns develop before the theoretical point, presumably due
to the use of finite increments in the iterative algorithm.
4.1.4 Determination of patterns using series methods
An alternative approach for approximating these patterns is to represent the elas-
tic deformation as a finite Fourier series and use the Rayleigh-Ritz method for deter-




un cos(nζ0ξ) , (4.9)
where ζ0 is a fundamental wavenumber that might be related to the finite dimension























Figure 4.2: Contours of dimensionless local gap g(x, y)/ε during approach of a uni-
form incompressible layer to a plane surface. ∆ = 2ε (a), 1.7ε (b), 1.4ε
(c), 1.2ε (d). The contour scale applies to all four figures.
The coefficients un are then determined using an appropriate optimization algorithm
so as to minimize the total energy Π = U − Γ for a given value of approach ∆ [72].
The same technique was extended to three-dimensional patterns by Gonuguntla et
al. [73] using a double Fourier series.
4.1.5 Effect of material parameters
Figure 4.5 shows the dimensionless layer compliance [reciprocal of stiffness]E/hk(ζ)
as a function of wavenumber ζ for the bonded layer defined by Equation 4.7 for various
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Figure 4.3: Relation between mean traction and rigid-body separation ∆ for β =
0.25, ν = 0.5. The black line represents the uniform traction solution of
Equation 1.1. It is unstable between the vertical dashed lines.
values of Poisson’s ratio ν.
We notice from Figure 4.5 that the curves for ν > 0.25 exhibit a maximum at
some value ζ = ζ0 > 0, whereas for ν ≤ 0.25, the maximum occurs at ζ = 0. In
both cases, instability will commence when the gap g = g1 in the uniform solution
reaches the value at which ∂σ/∂g first satisfies Equation 4.7. For ν ≤ 0.25 the first
unstable condition corresponds to a uniform perturbation [ζ = 0] and hence occurs
at the point A during loading and C during unloading in Figure 4.1. The unstable
response comprises a sudden change [jump] in uniform traction as indicated.
For ν > 0.25, the maximum compliance occurs at a non-zero wavenumber ζ0 and
we anticipate the development of a pattern with this periodicity, at least near the value
of g at which Equation 4.7 is first satisfied. This behaviour is shown schematically in
Figure 4.5 for the Lennard-Jones traction law.
The dashed line in this figure defines the value of β below which a uniform pertur-
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Figure 4.4: Dimensionless layer compliance as a function of wavenumber for an elastic
layer bonded to a rigid foundation. We recall from condition Equation 4.8
that instability occurs above the value β/1.253, and hence for ν = 0.5,
low and high wavenumbers are both stable.
bation [ζ = 0] is also unstable. In this region, the non-uniform instability is triggered
before the uniform one and generally dominates the subsequent behaviour. However,
this requires that a representative in-plane dimension L of the layer be large enough
to accommodate at least one wavelength of an unstable sinusoidal perturbation. In
most practical cases h L and which ensures that this condition is satisfied except
for values of ν quite close to 0.5.
Similar calculations can be performed for more complex layers. In particular,
we note that for a bi-material layer, the dimensionless compliance may exhibit two
distinct maxima [76]. In such cases, the absolute maximum of the curve defines the
first instability during either approach or separation and generally dominates the
subsequent pattern development.
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Figure 4.5: Dependence of stability behaviour on ν and β.
4.2 Conclusions
We have seen that the development of self-generated patterns can result from the
interaction of adhesive [i.e. tensile] tractions between contacting bodies for ν > 0.25.
The pattern shapes can be pillars, labyrinth, or column, depending on the approach.
Once instability occurs during loading or unloading, the morphology changes slowly
from the first instability point, resulting in different loading and unloading curves.
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CHAPTER V
Effect of Surface Roughness on Adhesive
Instabilities for the Elastic Layer
5.1 Introduction
If two bodies with plane surfaces are placed close together, they may experience
attractive [e.g. van der Waals’] forces, or forces involving both attractive and repul-
sive ranges [4, 5]. Since the attractive forces must eventually decay with increasing
separation, they have the character of a ‘negative spring’, which can trigger an elastic
instability. If the bodies are incompressible [Poisson’s ratio ν = 0.5], or if a body
comprising a thin elastic layer bonded to a rigid plane surface is attracted to another
rigid plane surface, the instability may result in a non-uniform [typically periodic]
pattern of alternating regions of contact and separation. Patterns of this kind have
been observed experimentally [73, 74], and predicted theoretically, based on energetic
arguments [71, 72]. In particular, the characteristic length scale of the pattern cor-
relates with the unstable wavelength in a linear perturbation of the uniform state.
The patterning instability also modifies the mean traction-separation characteristic
Chapter 5 is reproduced from the publication:
Joe, Junki, James Richard Barber, and Michael D. Thouless. ”Effect of surface roughness on adhesive
instabilities for the elastic layer.” Frontiers in Mechanical Engineering 6 (2020): 31.
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for the layered system, generally leading to different behaviour during approach and
separation and consequent hysteresis losses [77].
The instability permits self-assembly processes such as elastic contact lithography
[ECL], where the pattern in a polymer film is fixed by UV curing or by lowering the
temperature [78, 79, 80]. In ECL, the periodicity and size of the pattern are critical
parameters and various methods have been proposed to control them, including the
use of a curved substrate [81], an imprinted stamp [82, 83, 84, 85, 86], or a pre-strained
substrate [87]. Also, electric fields can be used to extend the range of attraction
relative to van der Waals’ forces and to provide greater control of the process, whilst
retaining a similar morphology [88, 89, 90].
Real surfaces are of course never perfectly smooth, and surface roughness generally
reduces both the maximum pull-off traction and the maximum negative slope of the
effective traction-separation law [3]. This should reduce the tendency for patterning
in the contact of layered bodies. However, sufficiently small amplitude roughness
might also serve as an initial perturbation to trigger an instability. In this chapter,
we shall therefore use a numerical solution to examine the effect of roughness on both
the generation of patterns and the mean traction-separation relation. In particular,
we shall examine the extent to which the effect of roughness can be captured by using
a modified adhesive traction law developed for the contact of rough elastic half spaces.
5.2 Deformation of a thin layer
We consider an elastic layer of thickness h bonded to a rigid plane, and define
Cartesian coordinates (x, y) in the plane of the layer surface and corresponding di-
mensionless coordinates ξ = x/h, η = y/h. If a second rigid plane is placed a distance
ḡ away from the undeformed surface of the layer as shown in Figure 5.1, the local gap
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between the surfaces will then be
g(ξ, η) = ḡ − u(ξ, η) , (5.1)
where u(ξ, η) is the local outward normal elastic displacement of the layer surface.
Figure 5.1: A rigid body with a plane surface that may contain some surface rough-
ness is placed near to an elastic layer bonded to a rigid foundation. The
mean gap is ḡ and u(ξ, η) is the local elastic displacement of the layer
surface.
5.2.1 Interface energy
We assume that the adhesive tractions between the surfaces can be described by
a traction law σ(g), where g is the local value of the gap. We can then also define









and a stable final configuration will be one that minimizes the total potential energy
Π = U + Γ, where U is the mean elastic strain energy per unit area.
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5.2.2 Elastic strain energy
The normal traction σ(ξ, η) at the free surface of the layer needed to produce a







ζ [(3− 4ν) cosh(2ζ) + 2ζ2 + 5− 12ν + 8ν2]
2(1− ν2) [(3− 4ν) sinh(2ζ)− 2ζ]
, (5.4)
[70], and we recall that ξ = x/h, so ζ is a dimensionless wavenumber.
In this chapter, we shall restrict attention to incompressible layers [ν = 0.5],
for which the corresponding dimensionless compliance 1/f(ζ) is shown as a function
of dimensionless wavenumber ζ in Figure 5.1. The curve exhibits a maximum of
approximately 0.482 at a wavenumber ζ ≈ 2.1, and zero compliance for uniform
loading [f(ζ) → ∞ as ζ → 0]. One consequence of this is that with general loading
σ(ξ, η), the mean value of u is zero and hence ḡ is determined by the rigid-body
approach which is a controlled parameter.
Figure 5.2: Dimensionless layer compliance as a function of wavenumber for an in-
compressible elastic layer bonded to a rigid foundation. For a given value
of E/h[−σ′(ḡ)] satisfying condition Equation 5.6, wavenumbers in the
range ζA < ζ < ζB are unstable.
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The elastic strain energy for more general displacement distributions can be obtained
by writing u(ξ, η) as a double Fourier series or Fourier transform and convoluting the
resulting transform with Equation 5.5.
5.2.3 Stability criterion
If both surfaces are plane [i.e. smooth], the state u(ξ, η) = 0, g(ξ, η) = ḡ, σ(ξ, η) =
σ(ḡ) is clearly an equilibrium state, but it will be unstable to small sinusoidal per-











The critical wavenumber is defined by the maximum of the curve in Figure 5.1, from
which we deduce that the uniform solution will be unstable if and only if −σ′(ḡ) >
E/0.482h.
5.2.4 Solution method
More general displacement distributions for a square domain 0 < x < L, 0 < y <
L can be written in the form





























Adding the corresponding interface energy from Equation 5.2, we obtain the total
potential energy Π, which must be a minimum at a stable equilibrium state. We used
the gradient descent method to identify the values of the Fourier coefficients Amn for
a local energy minimum. Notice that the upper limit N must be chosen so as to
provide an adequate number of integration points in the evaluation of Γ.
5.3 Results for smooth surfaces
If the two surfaces are smooth, the uniform state is always an equilibrium solution
at which energy gradients are zero, and since the material is incompressible [ν = 0.5],
this corresponds to u(ξ, η) = 0. Even when the criterion Equation 5.6 is satisfied, the
numerical solution may remain at the uniform state unless some small perturbation
is introduced.














[5] derived from Lennard-Jones molecular force law [4], where ε is an interatomic
length scale and ∆γ = γ(ε) is the interface energy per unit volume at the equilibrium
spacing g = ε. The maximum tensile traction occurs at g = 31/6ε and is of magnitude
σ0 ≈ 1.06∆γε.







there will exist a bounded range g1 < ḡ < g2 in which the uniform solution is unstable.
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Also, for a value of ḡ strictly within this range, there will exist a range of unstable
wavenumbers ζA < ζ < ζB, including but not limited to ζ ≈ 2.1. This range can
be identified by drawing a horizontal line at the height E/h[−σ′(ḡ)] in Figure 5.2 as
shown, and finding its intersection with the curve.
We start the solution procedure with a value of ḡ outside the unstable range and
then change ḡ by small increments, using the solution at the previous step as an initial
guess for the gradient descent solution. This is expected to mimic the behaviour of
the physical system under controlled displacement conditions. Numerical noise might
also be expected to emulate the effect of noise [e.g. vibration] in an experimental
system.
Figure 5.3: Mean traction σ̄ as a function of mean gap ḡ for a smooth layer for
β = 0.5 and domain size L = 8πh, showing instabilities during approach
and separation. The Lennard-Jones law Equation 5.10 is shown in black.
The dashed lines A,B define the region in which the uniform traction
solution is unstable.




and the mean gap [approach] ḡ with the local traction law Equation 5.10 for the case






is equal to 0.25. The domain size was chosen so as to define a fundamental wavenum-
ber [e.g. ζ01] equal to 0.25, so that L = 8πh. Results are shown for both separation
dḡ/dt > 0 and approach dḡ/dt < 0. In each case, the uniform state is preserved
up to the appropriate stability boundary [denoted by A and B respectively], but the
non-uniform solution then persists significantly beyond the point at which the uni-
form solution reverts to stability. We deduce that even in the stable range there exist
local energy minima corresponding to non-uniform states, and that these states are
separated from the lower energy uniform state by energy barriers.
Notice that both the approach and separation curves in Figure 5.3 are approxi-
mately straight lines with slope close to the critical slope defined by Equation 5.6.
The non-uniform deformation states are characterized by the development of reg-
ular patterns. Figure 5.4(a,b,c) shows contours of local gap g(x, y) corresponding to
the points on the approach curve labelled (a), (b) and (c) in Figure 5.3. A ‘labyrinth’
[i.e. a connected system of passageways (high g) separated by walls of ‘contact’ (low
g)] develops at the onset of instability (a) and then morphs into an inverse labyrinth
at (b) and into an array of isolated regions of separation [‘holes’] at (c).
(a) (b) (c)
Figure 5.4: Contour plot of the gap g(x, y) during approach at points (a,b,c) in fig-
ure 5.3.
Figure 5.5(a,b,c) shows the same results in Fourier transform space. In all cases
we see high values clustered near the most unstable wavenumber ζ = 2.1 and the
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distribution is axisymmetric within the limits of statistical variance, indicating that
the pattern is statistically isotropic.
(a) (b) (c)
Figure 5.5: Fourier transform of g(x, y) from Figure 5.4.
5.4 Effect of surface roughness
We assume that the surface is rough with a power spectral density [PSD] of the
form
P (ζ) = Bζ−2−2H ; ζ1 < ζ < ζ2 , (5.13)
where B is a constant, H is the Hurst exponent, here taken as H = 0.2, and ζ1, ζ2
define the range of dimensionless wavenumbers in the spectrum, outside which the
spectral content is zero. For the finite domain L × L, a realization of this PSD can
be written as





















The magnitudes of the coefficients |Bmn| were chosen so as to ensure that the resulting
surface PSD was of the form Equation 5.13 and the corresponding arguments [phases]
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were chosen randomly.
With this definition, the gap can be written
g(x, y) = ḡ + u0(x, y) + u(x, y) , (5.16)
where u(x, y) is given by Equation 5.7. Notice that we arbitrarily assign the value
B00 = 0, so that the roughness makes no contribution to the mean gap. The interface
energy is then determined from Equation 5.2 and the constants Amn are chosen so as
to minimize Π as in the smooth surface case.
5.4.1 A two-scale approximation
We anticipate that the wavelengths in the roughness spectrum will generally be
significantly smaller than the layer thickness, and this suggests the possibility of a
scale-separation approach. Compared with the roughness scale, the thickness of the
layer is large, so local effects can be approximated by those in a corresponding half
space. The effect of the roughness, as compared with a corresponding smooth surface,
can therefore be described in terms of a modified traction law.
An inductive method for estimating this law is described in [3]. If the modified
traction law σM(g, ζ0) is known for a surface with spectral content only in ζ0 <
ζ < ζ2, where ζ0 > ζ1, the corresponding law for σM(g, ζ0 − δζ) can be obtained
by convoluting σM(g, ζ0) with the additional roughness tranche ζ0 − δζ < ζ < ζ0.
Successive applications of this technique allow us to determine the modified law for the
entire spectrum. In [3], this procedure was implemented using discrete tranches of the
spectrum, but the same approach can be used to develop a partial differential equation
for σM(g, ζ), following the methodology of Persson [91]. The modified traction law
for the complete roughness spectrum is then defined by σM(g) = σM(g, ζ1).
On the scale of the layer thickness, the effect of the surface roughness can then
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be approximated by using σM(g) in place of Equation 5.10, and treating the layer
surface as smooth.
Figure 5.6: Mean traction σ̄ as a function of mean gap ḡ for a layer with fine-scale
roughness defined by Equation 5.14 with ζ1 = 6.0, ζ2 = 8.0 and m0 =
10−2.5ε2. The solid lines correspond to a direct numerical solution for the
rough surface using the Lennard-Jones traction law, whilst the circles were
obtained by approximating the effect of roughness through a modified
traction law σM(g) [3] [shown here as a dashed line].
5.4.1.1 Results
Figure 5.6 shows the relation between mean traction and mean gap for an in-
compressible elastic half space with roughness of the form Equation 5.13 with ζ1 =




ζP (ζ)dζ = 10−2.5ε2 (5.17)
[92]. In this figure, we compare two methods of solution: (i) a direct numerical
solution of the problem [solid line] by minimizing the total energy for a gap defined
by Equation 5.16 using the Lennard-Jones traction law and (ii) a solution in which
the layer is smooth [u0(x, y) = 0], but the traction law is modified to describe the
effect of roughness [circles]. The agreement is clearly extremely good. The advantage
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of using the modified traction law is that the deformation of the layer can then be
adequately described on a much coarser grid, or equivalently, by a more severely
truncated Fourier series, and this is particularly useful if the spectral range [ζ1, ζ2] is
broad.
5.4.2 Identifying instability effects
The argument of the previous section suggests that pattern instabilities should
occur if and only if the maximum slope of the modified traction law σM(ḡ)] satisfies







If the roughness amplitude is relatively small, this hypothesis can be tested by exam-
ining the corresponding contour plots for g(x, y). For example, Figure 5.7(a) shows
the contour plot for the actual rough surface during separation at a mean gap ḡ = 1.4
indicated by the point A in Figure 5.6, and Figure 5.7(b) shows the corresponding
pattern predicted for a smooth surface with the modified traction law. There is some
blurring of the observed patterns, but the overall morphology is clearly similar.
However, if the roughness amplitude is larger, patterns become more blurred, a
typical example being shown in Figure 5.8(a). In this case, detection of instability
from gap contours is more difficult, but the corresponding Fourier plot of Figure 5.8(b)
clearly shows substantial spectral content in the unstable range near ζ = 2.1. This
suggests that we might quantify the extent of pattern formation in the numerical
solution for the rough surface using the dimensionless parameter mu0/ε
2, where mu0
is the variance of that part of the gap PSD that lies in the unstable range in the
‘smooth’ solution, identified in Figure 5.2. We assume here that the roughness PSD
has no content in this wavenumber range, since otherwise it would be difficult to
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(a) (b)
Figure 5.7: Contour plots of gap g(x, y) at a point in the unstable range for β = 0.5
and roughness defined by ζ1 = 6, ζ2 = 8 and m0 = 10
−2.5ε2.
distinguish the separate effects of instability and roughness.
(a) (b)
Figure 5.8: (a) Contour plots of gap g(x, y) in the unstable range for β = 0.5 and
roughness defined by ζ1 = 4.5, ζ2 = 8 and m0 = 10
−2ε2. (b) Fourier
domain plot for the gap distribution g(x, y) from (a).
In Figure 5.9 we plot [mu0/ε
2]max, obtained from the numerical solution, as a
function of the maximum negative slope of the modified traction law [−σ′M(ḡ)]max,
normalized by the corresponding expression for the Lennard-Jones law. Each set of
points corresponds to a different value of the lower wavenumber of the roughness
ζ1 = 4.5 : 0.5 : 6.5 and a range of roughness variances −2.7 < log10(m0/ε2) <
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−1.6. Results were obtained under both approach and separation conditions, but no
significant difference was observed. The vertical dashed line in Figure 5.9 corresponds
to the criterion Equation 5.18, below which the two-scale approximation would predict
mu0 = 0, though the direct numerical results exhibit a level of noise as one might
expect. However, the results exhibit a remarkable level of consistency, showing that
[−σ′M(ḡ)]max is a very good indicator of the effect of roughness on the instability,
and more generally that the two-scale approach to the layer problem defines a good
approximation to important features of the system behaviour.
Figure 5.9: Normalized spectral content [mu0/ε
2]max for the gap g(x, y) in the unstable
wavenumber range as a function of the maximum negative slope of the
modified traction law [−σ′M(ḡ)]max. Consistency between several rough-
ness spectra shows that [−σ′M(ḡ)]max is a good indicator of the effect of
roughness on instability. The point at the top right defines [mu0/ε
2]max
for a smooth layer.
5.5 Conclusions
If a smooth elastic layer is placed close to a plane surface, elastic instabilities due
to adhesive tractions lead to the development of patterns and to a modification of
the traction-separation law. However, a relatively small amplitude of roughness on
the surfaces has a significant effect on this process. Here we have described a model
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for analyzing the contact of both rough and smooth surfaces using a double Fourier
series.
We also developed a two-scale approximation to the rough contact behaviour, by
(i) estimating the effect of roughness on the mean traction between two half spaces,
using a previously published method [3], and then (ii) using this modified traction
law in the analysis of a smooth elastic layer. Results show that this gives a very good
approximation to the traction-separation law obtained by direct numerical simulation.
In particular, the development of patterns is predicted if the maximum slope of the
modified traction law satisfies the inequality Equation 5.18 and the corresponding
results correlate extremely well with a criterion based on the spectral content in the
unstable range from the numerical solution.
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CHAPTER VI
Relation Between Interfacial Separation and Load
on Elastic Rough Surfaces : Partial Differential
Equations Approach
6.1 Introduction
Chapter 3 and chapter 5 solved the multiscale problems idealized by PSD with a
classical homogenization approach to adhesive contacts. The fine-scale traction laws
are investigated, and the fine-scale effects are homogenized to give continuum proper-
ties. The homogenized properties are used at the following coarser scale. JTB(chapter
3) developed this discrete process involving interactions. In contrast to the Weier-
strass function used in CDBJ with the homogenization process, the rough surface
idealized by PSD has a non-zero probability of any given height. The conditional
PDF described in Chapter 3 is a Gaussian distribution, but the discrete method’s
integral domain should be finite. During the iteration, the summation of probabil-
ity may decrease by leakage at the tail of Gaussian. This leakage problem could
be solved with a large enough gap domain and a small enough additional increment
∆k or ∆V , resulting in more expensive computational costs. If the discrete method
in Chapter 3 could be converted to a diffusional partial differential equation [PDE],
the summation would remain unity without increasing the computational complexity.
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Persson(2001) derived a simple diffusional differential equation for PDF for pressure
in adhesiveless contact using the homogenization approach. The theory does not
give the force-displacement relation and PDF for the gap, beneficial for incremental
stiffness [and hence electrical contact resistance] and interfacial fluid flow estimates.
Therefore, he extended the theory to find tractions with the PDE’s simplicity but
introduced a semi-empirically determined parameter, a function of the contact area.
This chapter derives two diffusional PDEs for tractions and PDF for a gap, based
on the discrete method in Chapter 3. We shall show that the correction factor is
unnecessary with the present method. While the discrete method was applied only
for adhesive contact in the previous chapters, the PDEs developed in this chapter
are extended to adhesiveless contact due to the PDE’s simplicity. This development
allows us to compare PDE results with rigorous simulations such as GFMD and
MD. As the bandwidth of PSD in GFMD or MD increases, the rough surface in
numerical simulation idealizes an entire surface more accurately. The bandwidth
must be constrained, because it increases computational cost with O(n
√
nlogn). In
this sense, ’Contact Challenge’ shows the best result from rigorous simulations with
three decades bandwidth to compare with theoretical models. The PDE method will
be compared with the GFMD result from ‘Contact Challenge’ and theoretical result
from Persson’s model. To verify that the agreement of the results with ‘Contact
Challenge’ is not a coincidence, we shall compare the MD result with 648 bandwidth
from Yang and Persson(2008) and the present PDE method. For the adhesive contact
case, the GFMD results with 64 bandwidth from Persson and Scaraggi(2014) are
compared with the PDE method.
78
6.2 Theory
In Chapter 3, the mean traction between the rough surfaces for only the range
(ka, kb) of roughness can be written by convolution as
σ(g; ka, kb) =
∞∫
0
Φ(s|g; ka, kb)σ(s)ds, (6.1)
where g now denotes the mean gap. We assumed that if the wavenumber increment
(kb − ka) is sufficiently small, Φ(s|g; ka, kb) will be approximately Gaussian, — i.e.























More generally, if σ(g; kb, k2) is known, the effect of adding the increment (ka, kb)
to the PSD can be obtained as
σ(g; ka, k2) =
∞∫
0
N (s|g, V )σ(s; kb, k2)ds, (6.4)
where V = V (ka, kb;σ(g; kb, k2). In Chapter 3, we used this relation iteratively with
[small] discrete intervals ∆k = kb−ka to develop a numerical solution for the modified
traction law σ(g; k1, k2), where k1 < ka.
The same conditional probability is used to update the gap probability Φ(g) in
the direction of increasing wavenumber, using the convolution
Φ(g|g0; k1, kb) =
∞∫
0
Φ(s|g; k1, ka)Φ(g|s; ka, kb)ds. (6.5)
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6.2.1 Derivation of partial differential equations
Writing kb = k in Equation 6.4, differentiating with respect to ka, and taking the
limit as ka → k, we obtain
−∂σ
∂k
























and for sufficiently small ∆k ≡ k − ka,
− ∂V
∂ka



















Integrating by parts twice and noting that in the limit ∆k → 0, the Gaussian function










(g; k, k2). (6.10)









[U(g; k, k2)Φ(g|g0; k1, k)] , (6.11)
for the conditional probability Φ(g|g0; k1, k).
There are some significant differences between these two partial differential equa-
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tions, notably
1. Equation 6.11 requires values of the function U(g; k, k2) which includes the
traction law σ(g; k, k2). Thus, the gap distribution can be found only after
Equation 6.10 has been solved for the traction law.
2. The function σ(g; k, k2) has an independent physical meaning for all values of
k. It represents the traction law appropriate to a rough surface containing only
that part of the PSD in (k, k2). This is not the case for Φ(g|g0; k1, k), since
Equation 6.11 makes implicit reference to the rest of the PSD (k, k2) through
the function U(g; k, k2). In effect, Equation 6.11 is just a step on the way to
the solution for the gap distribution Φ(g|g0; k1, k) for the entire PSD.
6.3 Boundary and initial conditions
Equation 6.10 and Equation 6.11 have the form of modified diffusion equations
with the wavenumber k as a time-like variable. It is therefore natural to describe the
conditions at k = k1 or k = k2 as initial conditions, and those at g = 0 or g →∞ as
boundary conditions.
6.3.1 Initial conditions
Equation 6.10 : The function σ(g; k2, k2) defines the traction between two com-
pletely plane surfaces separated by a distance g. For problems involving adhesive
forces, this will typically be something like the Lennard-Jones/Maugis traction law.
However, we also plan to use the present formalism to examine the effect of surface
roughness in problems without adhesion, for which the most natural choice would
be the ‘hard contact law’ σg = 0, σ ≤ 0, g ≥ 0. Clearly this cannot be used to
initiate a numerical solution of Equation 6.10, but we shall show that a regularized
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can be so used, and that the results converge as the regularization parameter C is
increased, tending to the hard contact limit.
Equation 6.11 : The corresponding initial condition for Equation 6.11 is the delta
function
Φ(g|g0; k1, k1) = δ(g − g0), (6.13)
since if no part of the PSD is included, the surface will remain plane and the gap
will be uniform. For numerical solution, this also has to be regularized as a Gaussian
distribution, but the results will be shown to converge as the variance of this distri-
bution is reduced. This initial condition also implies that the numerical solution of
Equation 6.11 must progress from coarse to fine roughness [k1 to k2], in contrast to
Equation 6.10 which is solved from k2 to k1.
6.3.2 Boundary conditions
The conditional probability Φ(g|g0; k1, k) tends strongly to zero at both g = 0 and
g →∞, since small gaps are prevented by the corresponding large contact pressures,
and large ones by their large distance from the initial condition. Thus, if the nec-
essarily finite calculation domain g1 < g < g2 is chosen to be sufficiently large, the
results should be insensitive to the precise boundary conditions used. For numerical
purposes we used a discrete version of the condition
∂2
∂g2
Φ(g|g0; k1, k) = 0 ; g = g1, g2. (6.14)
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Numerical convergence was tested by allowing g1, g2 to get nearer to the limits (0,∞)
and also by checking to make sure that
g2∫
g1
Φ(g|g0; k1, k)dg = 1 ; ∀k ∈ [k1, k2] (6.15)
—in other words, that no probability has ‘leaked’ out of the domain. The trac-
tion law σ(g; k, k2) can be written as a convolution integral, Equation 6.1, so if the
range (g1, g2) is sufficiently large for Φ(s|g; k, k2) to be negligible near the boundaries
g1, g2, σ(g; k, k2) should also be insensitive to the exact boundary condition used. This
was indeed found to be true at the large g limit g → g2, where σ(g) → 0. At this
boundary, we used the condition
∂2
∂g2
σ(g; k, k2) = 0 ; g = g2. (6.16)
However, the combination of a negligibly small gap probability and an extremely large
traction near g = g1 tends to cause numerical instabilities. In this range, we found,








= 0 ; g = g1 (6.17)
leads to a numerically converged result, the validity of which is justified by the fact
that the corresponding gap probability remains negligibly small near the boundary.
6.4 Results
The PDE method derived in Section 6.3 is compared with the discrete method in
Chapter 3. Then, the method is compared with the numerical methods such as GFMD
and MD and Persson’s theoretical method. For the comparisons, data are extracted
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from ’Contact Challenge,’ Persson and Yang(2008), and Persson and Scaraggi(2014).
When two PDEs are numerically solved, a regular mesh grid is used for gap and
additional roughness ∆V . The convergences are checked with the finer mesh grid and





























Figure 6.1: PDE method (Equation 6.10) on the same contour plot Figure 3.8.
Figure 6.1 shows pull-off from the PDE method on the contour result from the
discrete method (See Figure 3.8). This comparison verifies that PDE methods result
in the same solution as the discrete methods for various rough surfaces.
The ‘Contact Challenge’ presented GFMD results for one rough surface ideal-
ized by PSD, where k1 = 20πmm
−1, kr/k1 = 5, k2/k1 = 10
3, H = 0.8, and
hrms = 0.762µm. As explained in Section 1.5, theoretical models participated in
the sport, and Persson’s results agreed well with the GFMD result in the paper,
while asperity models showed deviation. The paper used a very weak adhesive law
for computational convenience. Therefore, we treat the problem as the adhesiveless
contact. Figure 6.2 shows resulting traction from different regularized adhesiveless
contact laws for ‘Contact Challenge’ PSD. The contact law is p(g)/E∗ = (Ck2g)
−N ,
where C and N are regularization parameters. When C in the contact law is between
























−N , is used for the rough surface
described in ‘Contact Challenge’. As C increases up to 103 with N = 20,
the results show one unique solution.
merical mesh grid for this problem was defined by ∆g = 0.01mm, ∆V = 3e−5mm2,
g1 = 0.1mm, and g2 = 10mm.
Figure 6.3 shows traction from ‘Contact Challenge,’ Persson’s model, and the PDE
method. The PDE result is the same as the unique solution in Figure 6.2. ‘Contact
Challenge’ and Persson’s model are extracted from Figure 12 in the Challenge paper.
Two theoretical models show greater pressure at a larger gap because the height of
rough surfaces’ configuration is inevitably limited in GFMD. However, in theoretical
models, the rough surface idealized by PSD has a non-zero probability of any given
height.
Figure 6.4 shows PDF for gap at mean gap 1 µm from ‘Contact Challenge,’ Pers-
son’s model, and the PDE method. Both theoretical models deviate for small gaps
(g < 0.06 µm), showing higher probability density than the ‘Contact Challenge’ due
to the limited height of the configuration of the rough surface. The summation of
the resulting PDF from the PDE method is 0.989. The leakage inevitably occurred
mainly at g1.
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Figure 6.3: Mean gap and mean pressure normalized by composite modulus. ‘Contact
Challenge’ and Persson’s data are extracted from Fig.12 in the contact
challenge paper.
In Yang and Persson(2008), Persson developed the Equation 1.11, comparing with
MD simulation for a PSD, where k1 = 6.04E7m
−1, kr/k1 = 3, k2/k1 = 648, H = 0.8,
and hrms = 1nm. Figure 6.5 shows tractions from MD, Persson’s model, and the
PDE method. A mesh grid for the PDE method is defined by ∆g = 0.0062nm,
∆V = 3e−6nm2, g1 = 0.01nm, and g2 = 10nm. Like in Figure 6.3, Figure 6.5 shows
roughly logarithmic trends and both theoretical models result in greater pressure than
MD at g > 2nm, although Persson’s model shows earlier deviation.
Figure 6.6 shows the probability density function for the gap at two different mean
pressure, p/E∗ = 0.002 and 0.013. The results of the PDE method are compared
with only MD because Persson’s data were not available. The summations of the
probability from the PDE method are 0.995 and 0.968.
In the Persson and Scaraggi(2014), Persson extended his model into adhesion law
for both JKR and DMT limit, comparing with GFMD results with using Lennard-
Jones law as the adhesive law. PSD of the rough surface is k1 = 2.5E5m
−1, kr/k1 = 4,

















Figure 6.4: Probability density function for gap at mean gap 1 µm. ‘Contact Chal-
lenge’ and Persson’s data are extracted from Fig.8 in contact challenge
paper.
a maximum tensile stress of the law, and both theoretical models agree well with
GFMD. Two different Lennard-Jones laws are used as the adhesive law on the same
rough surface. According coefficients for the dimensionless wavenumber suggested in
Equation 3.13 are χ = 2.5e−6m and 6.25e−7m. A mesh grid for the PDE method is
defined by ∆g = 0.01ε, ∆V = 1e−4χ2, g1 = 0.3ε, and g2 = 10ε.
6.5 Conclusion
We derived two diffusional PDEs for traction and PDF for a gap, based on the dis-
crete method developed in Chapter 3. We verified that the PDE results are the same
as the discrete method in the pull-off contour plot. With the PDE’s simplicity, we ex-
tend the method to the adhesiveless contact case. For the adhesiveless contact, due to
its singularity at the near-zero gap, we introduced the regularized adhesiveless law to
solve the PDE numerically. As the regularized laws become close to the Signori’s con-
dition, the resulting tractions converge to one unique solution. Although the unique
solutions agree well with ‘Contact Challenge’ and MD, its boundary condition would
benefit from additional study. Because the height of the configuration in numerical
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Figure 6.5: Traction for Yand and Persson(2008). MD and Persson’s data are ex-
tracted from Fig.11 in the paper. Both theoretical models resulted in
higher pressure than MD at g > 2nm.
simulations such as GFMD and MD is limited, both Persson’s and the present PDE
method showed qualitatively correct deviation for the traction and the probability for
a gap. Notably, the PDE method agreed well without using any correction factors.
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Figure 6.6: Probability density function for gap at mean pressure p/E∗ = 0.002 and
0.013. MD results are extracted from Fig.5 in the paper.
Figure 6.7: GFMD(purple dot) and Persson’s data(red line) are extracted from Fig.17
in Persson and Scaraggi(2014). Mean gap and mean traction are nor-
malized by Lennard-Jones equilibrium spacing and its maximum ten-
sile traction, which is 0.103GPa and 0.412GPa for ∆γ = 0.1J/m and
∆γ = 0.4J/m each. PDE method(blue line) used same parameters.
89
CHAPTER VII
Conclusions and Future Directions
7.1 Conclusions
Every surface has roughness; the roughness changes physical properties of contact
such as electrical and thermal conductivity, friction coefficient, wear, lubrication, and
interfacial flow between surfaces. Understanding the effect of the roughness requires
multidisciplinary knowledge such as elasticity, plasticity, fluid dynamics and chemical
and thermal interaction. Also, physical and chemical effects on the roughness vary
depending on the scale of time and space. Due to the complexity of the roughness,
the fundamental mechanism has not been studied enough.
As computational power has been increased, numerical methods analyzing the ef-
fect of roughness have been developed. The finite element method [FEM] prescribe
constitutive laws of the material and molecular dynamics [MD] uses intermolecular
potential energy each within the discretization of volume. Green’s function molecu-
lar dynamics [GFMD] describes only surfaces as MD and uses a boundary element
method [BEM], where simple theoretical solutions of point load on the surface are
used.
The numerical methods result in the exact solution with a refined meshgrid to
precisely depict an actual rough surface. Still, the methods require highly expensive
computational costs. On the other hand, theoretical models suggest simple solu-
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tions and a fundamental understanding of the effect of roughness. Therefore, despite
the development of numerical methods, theoretical models to analyze the effect of
roughness should also be developed.
As a pivotal theory, Greenwood and Williamson [GW] theory idealized rough
surfaces as spherical asperities, assuming that 1) the asperities are independent, 2)
curvature of the asperities are the same, and 3) the distribution of summit is Gaussian
or exponential. While it was revealed that rough surfaces are multiscaled by self-affine
fractal, of which range shows a power-law type of power spectral density [PSD], the
multiscale property of the roughness is not explained in GW’s asperity model. Also,
the interaction between asperities becomes a problem at fine-scale roughness.
Persson’s theoretical model is another seminal work, explaining the multiscale
property. Persson’s theory resulted in a simple diffusional partial differential equation
[PDE] for probability density function [PDF] for a mean pressure, derived by an
iterative method on adhesiveless contact. The method idealizes the rough surface as
a sum of different scales of roughness. The PDF for pressure is obtained by iteratively
adding infinitesimal roughness to known PDF, which is a Dirac-delta function for an
initial condition. Assuming that the contact remains as full contact, the known PDF
is diffused by Gaussian, of which variance is m2 of the added roughness. Persson
extended his theory for other properties such as load-displacement relation, adhesion,
interfacial liquid flow, and rubber friction coefficient. However, it is required to
introduce a semi-empirical correct factor, a function of the contact area.
This dissertation focused on developing a model for load-displacement relation
and PDF for mean gaps by linear-elastic deformation on isotropic Gaussian rough
surfaces. Persson’s model has inspired the present method. However, instead of using
full-contact assumption, we assumed that added infinitesimal roughness is deformed
by a homogenized traction law from rest fine scale of PSD, resulting in diffusional
PDEs for load-displacement relation and PDF for mean gaps. The present PDE
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method could also be applied to both adhesive and adhesiveless contact.
The present PDE method was compared with numerical methods and theoretical
models from other papers. Among the papers, ‘Contact Challenge’ used the largest
bandwidth, depicting the actual rough surface more precisely. In ‘Contact Challenge,’
theoretical and numerical methods and experiments were compared for weak adhesion
contact on one rough surface. Most of the results agreed well, but asperity models
showed significant deviation from numerical results. Noticeably, the present PDE
method showed an excellent agreement with numerical results, but it showed a devi-
ation at large mean gaps. While the height of surface configuration is constrained in
the numerical method, rough surfaces idealized by PSD have a non-zero probability
for any given height. This difference caused the present PDE method and Persson’s
theory to show larger mean pressure at g > 3hrms.
Although the comparison agreed well, there are three limitations in the present
theory. First, we could not use a boundary condition that traction goes to infinity
at zero gaps because the singularity of traction near zero gap causes PDE instabil-
ity. Instead, its boundary condition near zero gaps was obtained by trial and error.
Second, the actual rough surfaces are neither isotropic nor Gaussian, and has finite
height, while we used isotropic Gaussian surface in the theoretical model. Third, the
present model was derived from linear elasticity, but the actual rough surfaces are
plastically deformed, because contact occurs at tips of rough surfaces. We leave this
limitation as future works.
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